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Abstract
In this paper we describe two special finite element types

for the modelling of rolling contact. The first element is a disk
bounded by a sharp edge which can roll over a smooth three-
dimensional surface. This element models the rolling contact
phenomena of pneumatic tires that support road vehicles. The
second finite element describes the kinematic contact between
two arbitrary three-dimensional bodies with smooth bounded
surfaces. In particular the higher kinematic pair of a wheel and
rail as can be found in railway vehicles is analysed. Both element
types are incorporated in a general multibody dynamics software
package that handles the modelling of the other rigid or flexible
bodies in the system and their interconnections. The disk element
is illustrated in the stability analysis of the rectilinear motion of a
rolling disk. Two tests on a single wheelset moving an a tangent
track illustrate the use of the wheel-rail contact element.

1 Introduction
In the dynamic analysis of flexible multibody systems the

finite element method has proved a successful instrument [1].
For the analysis of road and track-guided vehicles this success
depends upon a suitable finite element type for the description of
the geometry of the rolling contact.

In our approach the three coordinates of the contact point are
introduced as an extra node. The geometric conditions of contact
are that this node is on both contacting surfaces and the normals
are collinear. The advantage of this formulation over the descrip-

tion by curvilinear coordinates as used by several other investi-
gators [2; 3; 4] is that the number of coordinates, and also the
number of constraints, is reduced by one and the contact point
becomes an ordinary node in the finite element formulation. The
longitudinal slip, the side slip and the spin are defined in terms of
deformation rates. Pure rolling can be established by imposing
zero slip constraints, which are non-holonomic, on the system.
Whereas in the case of slip a contact force model, the consti-
tutive behaviour, can be added either in the form of empirical
or semi-empirical functions or tabulated data. The creep forces
usually depend on the slip quantities and the normal force. In the
wheel-rail contact the bodies are stiff and the normal deformation
is usually neglected. The normal force now becomes a reaction
force that depends on the accelerations in the system. Owing to
the non-linearity of the creep force laws, the accelerations have
to be determined in an iterative way for a given state of motion.
However, if the normal compliance of the rails is considered the
normal force can directly be obtained from the constitutive rela-
tion.

For a wheelset which moves along a central line on the track
most displacement components have only small deviations from
their nominal values and hence partially linearized equations of
motion can be applied. However, the non-linearity of the geomet-
ric contact and the creep laws have to be retained. The case of
double point contact, that is, contact between a wheel and a rail
not only occurs at a point on the wheel tread, but may also occur
at a point on the wheel flange, can easily be handled by introduc-
ing an additional contact pair that becomes active at the moment
that the flange hits the rail. In order to avoid the necessity to solve
impact equations with the possible result of unrealistic lift-off of
wheels, the compliance of rail and flange is included.
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2 Three-Dimensional Wheel
The three-dimensional flexible wheel element is a model of

a disk bounded by a sharp edge with radius r, which can roll
over a fixed surface. The position and orientation of the wheel
will be described by the position of the wheel centre w, the ori-
entation of the wheel axle ew, specified by the four Euler parame-
ters q = (q0;q), which correspond to a rotation matrix R, and the
position of the contact point c as shown in Figure 1. Note that
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Figure 1. Three-dimensional wheel element

the contact point is a geometric point, it is not a fixed material
point of the wheel nor of the surface. In the case of pure rolling
as a rigid body the element has three degrees of freedom, while
we have ten coordinates describing the position and orientation.
Hence we have to impose seven constraints upon the velocities.
Only two of these constraints are non-holonomic constraints, all
other velocity constraints are time derivatives of holonomic con-
ditions originating from the rigidity conditions.

The first two generalized strains for the wheel element are
defined as

ε1 =
1
2 (r�r� r2

0)=r0

ε2 = ew�r (1)

with the radius vector r = c�w, the undeformed radius length
r0 and the rotated wheel axle ew = Rēw. The first strain, ε1, is
a quadratic approximation of the elongation of the wheel radius.
Using this approximation has the advantage of constant second
order derivatives. The second strain is a measure for the lateral
bending deformation. The next two generalized strains deal with
the surface contact,

ε3 = g(c)
ε4 = (r� ew)�n (2)

with the surface defined by a function g(c) = 0. The normal
vector to the surface in the contact point is given by n = ∇g(c).

Note that this is not a unit vector. Normalization of this vec-
tor would lead to far more complex first and higher order partial
derivatives of ε4. The third strain is a measure for the distance
of the contact point with respect to the surface. By imposing the
constraint ε3 = 0 the contact point will stay on the surface. By
setting the fourth strain to zero we are certain of having only one
contact point or in other words, the rim must be tangent to the
surface. The last strain is used for the normalization condition,
jqj = 1, which we have to impose on the four Euler parameters
q = (q0;q) to ensure that they represent a three-dimensional fi-
nite rotation, and reads

εq = q2
0+q�q�1: (3)

The constraint, εq = 0, is no part of the wheel element but comes
with every set of Euler parameters and is shown here for com-
pleteness.

Finally we define the longitudinal and lateral slip. The ve-
locity of the material point of the wheel at contact in c is given
by v= ẇ+!�r+vε. In this expression vε stands for the contri-
bution to the velocity due to the rate of deformation of the wheel,
and ! is the angular velocity of the wheel. In the contact point
the two orthogonal surface tangents are the longitudinal direction
r� ew and the lateral one n� (r� ew). With these directions the
longitudinal and lateral slip are defined as

s1 = (r� ew)�(ẇ+!� r)
s2 = (n� (r� ew))�ċ (4)

Since vε is perpendicular to the longitudinal direction it is not
included in the definition of s1. If the generalized coordinates
which describe the positions and orientation of the element are
grouped together in a vector xT = (wT ;cT ;q0;qT ), and the vector
of slips is denoted by s, the expressions for the slip can be written
symbolically as

s = V(x)ẋ: (5)

Pure rolling is described by zero slips, s = 0.
With the vector of element strains expressed as " = D(x),

the generalized stresses � and forces � dual to the slips can be
interpreted from the element equilibrium equation,

f = DT
;x�+VT

�: (6)

The first two generalized stresses σ1 and σ2 are the radial force
and the lateral bending force. The third stress, σ3 is the force
in the contact point exerted on the wheel perpendicular to the
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surface. The fourth stress, dual to the tangent condition ε 4 = 0,
can be interpreted as a torque divided by the radius of the wheel
acting in the contact point along the s2 direction. This torque is
always zero under normal loading. Only when forces are applied
in the contact point c, which is unrealistic since this node is a
non-material point, the torque will be non-zero. The generalized
forces dual to the slip can be interpreted as λ1 being the longitu-
dinal contact force divided by the actual radius length jrj and λ 2

the lateral force divided by the actual radius and normal vector
length jrjjnj. This scaling seems awkward but excluding normal-
ization in the slip definitions (4) results in much simpler first and
higher order partial derivatives.

Each individual strain can be assumed either zero or non-
zero, representing respectively the rigid and the deformable case.
In the deformable case a constitutive equation relating� to " has
to be applied. The same holds for a longitudinally and/or lat-
erally slipping wheel. In this case the generalized stresses, in
particular the normal stress σ3, are usually incorporated in the
constitutive behaviour, taking the form � = �(s;�). A detailed
description of the constitutive behaviour of three-dimensional
elastic bodies in rolling contact can be found in the books by
Kalker [5] and Johnson [6].

3 Wheel-Rail Contact Element
A special finite element that describes the contact between

two bodies, of which one can move in space, henceforth called
the wheel, and the other is fixed to the ground, henceforth called
the rail, is described as follows. The nodal coordinates are the po-

C

Figure 2. Wheel-rail contact pair with contact point C.

sition coordinates of the centre of the wheel, w = (wx;wy;wz)
T ,

the four Euler parameters that describe the rotation of the wheel
with respect to a nominal position, q= (q0;q), which correspond
to a rotation matrix R, and the coordinates of the contact point,
c = (cx;cy;cz)

T . Four holonomic generalized deformations are
defined, which, if required to be zero, give the contact condi-
tions, as

ε1 = gw(r̄) = gw(E0T RT (c�w));
ε2 = gr(c);
ε3 = nw�ar = (RE0∇̄gw)�ar;

ε4 = nw�br = (RE0∇̄gw)�br:

(7)

Here, r̄ are the coordinates of the contact point of the wheel ex-
pressed in a body-fixed frame, E0 is the orientation of the wheel
in the reference position, the functions gw and gr yield a measure
of the outward distance to the surfaces of the wheel and rail re-
spectively, nw is the normal to the surface of the wheel, and a r

and br are two tangent vectors to the surface of the rail in the di-
rection of the track and in a perpendicular direction. The operator
∇̄ denotes differentiation with respect to the body-fixed coordi-
nates r̄. The first two deformations measure the distance to the
bounding surfaces, which may be unequal to zero if separation
or indentation is possible. The third and fourth deformation are
always zero, because they define the contact point or potential
contact point.

In addition to these four deformations, three non-holonomic
slip functions are defined as

s1 = vc�ar;
s2 = vc�br;
s3 = !w�nr;

(8)

where vc = ẇ+!w� (c�w) is the velocity of the material point
of the wheel at the contact point, nr is a normal vector to the rail
at the contact point, and !w is the angular velocity of the wheel.
The slips s1 and s2 are the slip velocities in the two tangent direc-
tions and s3 is the spin. Pure rolling can be modelled by making
the slip velocities zero.

The generalized stresses dual to the generalized deforma-
tions are obtained either as constraint forces or are given by con-
stitutive relations, the creep laws. The creep forces depend on the
position of the contact point, the rolling velocity, here defined as
kċ�vc=2k, the normal force at the contact point and the slips (8).
If the constitutive relations depend on the normal force that is a
constraint force, the accelerations have to be determined in an
iterative way, as in the case of dry friction.

4 Rolling Disk Example
One of the simplest and most intriguing examples of a spa-

tial non-holonomic system is a disk rolling without slip on a hor-
izontal plane. From experience we know that such an object, if
given enough initial speed, shows stable motion which is quite
different from the behaviour at low speed. We will investigate
the stability of the rectilinear motion with the help of the wheel
element from Section 2. The rolling of a disk on a horizontal
plane has been studied in detail by for example Neı̆mark and Fu-
faev [7] and we shall compare the results. The finite element
model of the system consists of a wheel element, rolling on a
horizontal plane z = 0, and three orthogonal hinges attached to
the wheel centre to describe the three degrees of freedom: pitch,
roll and yaw (Figure 3). The two kinematic coordinates are the
x and y position of the point of contact in the plane. We will as-
sume that the infinitesimally thin disk has uniformly distributed
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Figure 3. Disk rolling on a horizontal plane.

unit mass m, unit radius r and a unit gravitational force field g in
the downward direction.

The stability of the rectilinear motion at longitudinal speed v
is investigated by the determination of the eigenvalues of the lin-
earized equations of motion.The method for deriving these equa-
tions in a systematic manner can be found in [8]. The dimension
of the eigenvalue problem is eight; namely two times the number
of degrees of freedom plus the number of kinematic coordinates.
Beforehand we know that there are six zero eigenvalues. The
first two pairs are a consequence of the two cyclic coordinates,
the pitch and the yaw, in the system. The potential energy is only
a function of the rotation along the longitudinal axis, the roll an-
gle. The last two zero eigenvalues describe the kinematic motion
of the point of contact (x;y). The remaining two non-zero eigen-
values of the perturbed rectilinear motion in the speed range of
0 � v � 1, where speed scales according to

p
gr, are shown in

Figure 4. At low speeds there are two equal and opposite real
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Figure 4. Root loci of the eigenvalues λ for the rectilinear motion of a

rolling disk on a horizontal plane in the speed range of 0� v� 1.

eigenvalues describing unstable perturbed motion, just like an
inverted pendulum. At increasing speed these eigenvalues move
to zero, where at the critical speed [7], v = 1=

p
3 � 0:58, they

change into a pair of conjugated imaginary values which describe
an undamped oscillatory motion. The corresponding eigenmode
is of the slalom type and can best be characterised by a 90 Æ phase
angle between the roll and the yaw motion. Further increase of
the speed shows an approximately linear increase in the eigen-
values.

The unstable perturbed motion, below the critical speed, is
illustrated by a transient analysis. The initial conditions are a
vertical position with a forward speed of v = 0:4116, an angu-
lar roll velocity of -0.01 and a zero yaw rate. The path of the
centre of the disk and the path of the contact point in the plane
are shown in Figure 5 for the time period of 87 units, where one
time unit scales according to

p
r=g. The low roll velocity starts

Figure 5. Path of a rolling disk on a horizontal plane at subcritical speed

for a time period of 87 units, with an initial forward velocity 0.4116 and a

roll velocity -0.01.

the initially exponentially increasing inclination of the disk, af-
ter which it makes a sharp turn and rises up again to the vertical
position. This motion is repeated at equal time intervals and in
alternating turning directions. The unstable rectilinear motion is
transformed into a quasiperiodic motion where the disk contin-
ues to wobble forward.

The forces in the contact point exerted by the wheel on the
plane for this quasiperiodic motion are shown in Figure 6. Dur-
ing cornering the lateral and normal force increase in magnitude
whereas the longitudinal contact force shows a short oscillation
indicating an accelerating and decelerating longitudinal motion.
The ratio of the in-plane contact force to the normal contact force
during cornering is at most 0.52. The friction coefficient must be
above this value to ensure rolling without slipping.

However, if we assume a force contact model which is lin-
ear in the slip velocities at the contact point then the disk on a
smooth surface will slip into an almost cyclic motion during the
first turn. In this motion the centre of mass mainly moves in the
downward direction while the rotation of the point of contact in-
creases rapidly. The disk eventually will come to the singular
horizontal rest position in a finite time. Compare this with the
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Figure 6. Forces in the contact point of a rolling disk on a horizontal

plane at subcritical speed for a time period of 87 units, with an initial for-

ward velocity 0.4116 and a roll velocity -0.01.

behaviour of the contemporary executive toy known as “Euler’s
disk”; a smooth edged disk on a slight concave supporting bowl
which whirrs and shudders to a horizontal rest [9].

5 Wheelset Example
The use of the wheel-rail element is illustrated in two test

examples which involve a single wheelset on a tangent track that
is suspended in a moving frame that imposes a constant forward
velocity on the centre of the wheelset. The chosen profiles are
S1002 for the wheel bands and UIC60 for the rails, as given
in [10]. The track width of the wheelset is 1:5 m and the gauge
between the rails is 1:435 m, with slant 1=40 or 1=20.

5.1 Klingel Motion of a Wheelset
The first test involves the kinematic, or Klingel, motion of

the wheelset. The slip velocities are put equal to zero in this
case. Because the system becomes overconstrained, axial defor-
mation of the axle of the wheelset is allowed. The theoretical
wave length λ for small amplitudes for this motion is

λ = 2π

s
br0

γ
(ρw�ρr)

ρw

b
(b+ρr sinα)

; (9)

where γ = tanα is the conicity, b is half the distance between
the two contact points, r0 is the rolling radius, ρr is the radius
of curvature of the rail (convex positive), and ρ w is the radius
of curvature of the wheel in the meridional plane (concave posi-
tive). For the rail slant 1=40, λ = 14:463 m, and for the rail slant
1=20, λ= 39:589 m, which agree well with numerically obtained
results. For larger amplitudes, the wave lengths decrease.

5.2 Critical Speed of Wheelset
As a second test example, the critical speeds are determined.

The mass of the wheelset is 1887 kg, its principal moments of in-
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Figure 7. Kinematic motion with various amplitudes; rail slant 1/40.
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Figure 8. Kinematic motion with various amplitudes; rail slant 1/20.

ertia are 1000, 100, and 1000 kgm 2, and the total vertical load is
173226 N. The linear creep coefficients are 12 MN in both direc-
tions and 20 kNm as a coupling between spin and lateral creep.
The effect of saturation is included according to the formula of
Vermeulen and Johnson [11]. At a rail slant of 1=40, the critical
speed is Vcr = 30:4 m/s without spring supports and Vcr = 55:5
m/s with a yaw spring of stiffness 816 kNm/rad. The stability of
the free wheelset at low speeds is caused by the positive grav-
itational stiffness. For a rail slant of 1=20, the free wheelset is
unstable at low speeds, because the gravitational stiffness is neg-
ative. With a yaw spring with stiffness 816 kNm/rad, the critical
speed is Vcr = 130:0 m/s.

At the critical speeds, subcritical Hopf bifurcations occur.
This can be understood, because the Klingel wavelength de-
creases with increasing amplitude. For speeds above the critical
speed, limit cycle motion with flange contact is found.
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Figure 9. Limit cycle motion at V=131 m/s; rail slant 1/20; yaw stiffness

816 kNm/rad.
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Figure 10. Lateral forces at limit cycle motion at V=131 m/s; rail slant

1/20; yaw stiffness 816 kNm/rad.

6 Conclusion
It has been shown that, in principle, the proposed contact

elements can be used to model the dynamic behaviour of road
and railway vehicle systems. The elements have the advantage
that they fit into an existing framework for modelling multibody
systems and that they use a smaller number of constraint equa-
tions than some other formulations. The wheel-rail contact ele-
ment shares the disadvantage with many other formulations that
it is difficult to take into account the possible occurrence of dou-
ble point contact, especially if both contact point are located at
closely spaced points on the wheel tread. In addition, the jumps
in curvature of the unworn profiles cause jumps in forces and in
the speed of the contact point. A further investigation in a proper
modelling of the contact seems to be worth while.
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