
A comparison of revolute joint clearance models in
the dynamic analysis of rigid and elastic mechanical systems

A.L. Schwab *, J.P. Meijaard, P. Meijers

Laboratory for Engineering Mechanics, Delft University of Technology, Mekelweg 2, NL-2628 CD Delft, Netherlands

Received 11 January 2001; accepted 28 January 2002

Abstract

The dynamic response of mechanisms and machines affected by revolute joint clearance is studied in this
article. Critical in the precise prediction of the peak values of forces is the contact model being used. A
comparison is made between several continuous contact force models and an impact model. The me-
chanical system is modelled with rigid or elastic bodies. For the impact model a procedure is presented
to estimate the maximum contact force during impact. It is shown how the compliance of the links or
lubrication of the joint smooths the peak values of the contact forces.
� 2002 Elsevier Science Ltd. All rights reserved.

R�eesum�ee

La r�eeponse dynamique des m�eecanismes et des machines en pr�eesence de jeu dans les pivots est �eetudi�eee
dans cet article. La mod�eelisation du contact est un aspect critique pour une pr�eediction pr�eecise des valeurs
extrêemes des forces. Plusieurs mod�eeles avec force de contact continue ainsi qu’un mod�eele d’impact sont
compar�ees. Le syst�eeme m�eecanique est mod�eelis�ee par des corps rigides et flexibles. Pour le mod�eele d’impact,
une proc�eedure d’estimation de la force de contact maximum durant l’impact est pr�eesent�eee. Nous montrons
comment la flexibilit�ee des membres du m�eecanisme et la lubrification des joints r�eeduisent les valeurs extrêemes
des forces de contact.
� 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Joint clearances due to manufacturing tolerances and wear can seriously affect the dynamic
response of mechanical systems. In unlubricated joints it is usually accompanied by rattling,
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excessive wear and noise, which is caused by peak contact forces. A critical factor in the prediction
of the peak forces is the contact model being used. In the past a considerable amount of exper-
imental and theoretical work has been done to study the effect of joint clearances on the dynamic
response of mechanical systems. An overview of the English language literature on this subject up
to 1980 is given by Haines [1]. In an early German study Hain [2] discusses the effect of radial joint
clearance on the forces in an experimental set-up of a scotch-yoke mechanism. After 1980 Soong
and Thompson [3] did experimental work on a slider-crank mechanism with revolute joint
clearance between the connecting rod and the slider and they made a comparison with calculated
results from a rigid-link model. A spatial manipulator with joint clearance was modelled by
Kakizaki et al. [4], who included the effects of elastic links and the control system. Deck and
Dubowsky [5] published experimental results on a spatial slider-crank mechanism. The possibility
of occurrence of chaotic motion was shown by Seneviratne and Earles [6].
This article will focus on the modelling of joint clearances in a computer code environment for

dynamic analysis of mechanical systems. First of all the kinematics of a planar journal bearing will
be discussed. In the subsequent section two continuous contact force models are treated, a
Hertzian contact model with dissipation and a lubricated, hydrodynamic bearing model. Both
models are applied in illustrative examples. In Section 4 the basic equations for a discontinuous
contact force model (impact with rebound) in a mechanical system are derived. The numerical
aspects of such an analysis are treated in depth and an estimate for the maximum contact force
during impact is presented. The various contact models are illustrated for a high-speed slider-
crank mechanism with a revolute joint clearance between the connecting rod and the slider. The
results for the case of rigid links and Herztian contact forces obtained with a finite element based
multibody software system are compared with results as presented by Ravn [7].

2. Joint clearance model

Joint clearance in a planar revolute joint (see Fig. 1) is usually modelled by the introduction of
two extra degrees of freedom, the horizontal and the vertical displacements, x and y, of the
journal centre relative to the sleeve centre. Since the relative rotation is unconstrained this means

Fig. 1. Planar revolute joint with clearance.
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that in a non-contact condition no constraints are introduced by the joint. The interaction be-
tween the two parts in the joint is solely achieved by normal and tangential contact forces.
The kinematic contact condition for a revolute joint with radial clearance c and relative dis-

placements x and y is given by

gN ¼ c�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
6 0: ð1Þ

No contact corresponds to gN > 0 while contact with local deformation near the contact zone, to
be indicated as penetration, is denoted by a negative value of gN. When the journal comes into
contact with the sleeve and the contact is assumed rigid, one degree of freedom vanishes. The two
remaining degrees of freedom are a relative rotation of the two parts and a rotation of the journal
centre around the sleeve centre. In the case of friction in the contact region there is a possibility of
sticking. When sticking occurs, again a degree of freedom disappears and there is only one
possible relative motion in which the cylindrical surface of the journal rolls without slip along the
inner sleeve surface.

3. Continuous contact force models

3.1. Hertzian contact force model with dissipation

Since we are not interested in the shape nor any other detail of the contact region, we need only
a global contact model with few parameters. For an unlubricated joint the Hertzian contact
force model is an appropriate choice. Whereas the original Hertzian model does not include any
energy dissipation, an extension by Lankarani and Nikravesh [8,9] includes energy loss due to
internal damping. In this model the compressive contact force FN in terms of the penetration
depth d ¼ �gN, and velocity _dd ¼ � _ggN, is given by

FN ¼ Kdn þ D _dd d > 0
0 d6 0:

�
ð2Þ

For the frictionless Hertzian contact between two spheres [10] the exponent n ¼ 3=2 and the
stiffness parameter K is given by

K ¼ 4

3pðh1 þ h2Þ
ffiffiffi
R

p
; ð3Þ

where

R ¼ R1R2
R1 þ R2

; hi ¼
1� m2i
pEi

i ¼ 1; 2

with radius Ri, Poisson’s ratio mi and Young’s modulus Ei associated with each sphere. A form for
the hysteretic damping coefficient according to

D ¼ Hdn; ð4Þ
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was proposed by Hunt and Crossley [11]. The so-called hysteretic damping factor H can be es-
timated from a comparison of the energy loss at a central impact of two spheres with coefficient
of restitution e and the energy loss after one hysteretic loop, yielding

H ¼ 3Kð1� e2Þ
4 _dd� ; ð5Þ

with _dd� the penetration velocity just before impact. A major drawback of this model is the de-
pendency of the hysteretic damping factor H on the impact velocity _dd�. In finding this we have to
track down the precise moment of impact which makes the continuous model partly non-smooth.
Furthermore it can be shown that the approximate model underestimates the amount of dissi-
pated energy, and consequently results in a higher velocity after impact. For a restitution factor e
of 0.75 and above, the error in the velocity after impact is less than 10%, while the error in
the dissipated energy is less than 25%. This contact law is derived for colliding spheres having
circular contact regions. In the case of a planar revolute joint we have to deal with cylindrical line
contact. This line contact will only be present when we have two extremely precise aligned long
cylinders. This is usually not the case and therefore Harris [12] proposes that the sphere contact
model should be used. According to Ravn [7] this is reasonably close to the more complicated
force–displacement relation for cylindrical line contact.
An illustrative example of the dissipative Hertzian contact force model is an elastic sphere

impacting an elastic barrier. The parameters for this example are chosen in conformity with those
of the slider-crank example to be discussed in Section 5. The sphere with radius Ri ¼ 9:5 mm and
mass m ¼ 0:145 kg has an initial velocity just before impact of _dd� ¼ 5 m/s. The fixed barrier has
a concave spherical curvature with radius Rj ¼ �10:0 mm. The materials in contact have the
properties of steel with Young’s modulus E ¼ 2:06� 1011 N/m2, Poisson’s ratio m ¼ 0:3 and co-
efficient of restitution e ¼ 0:95. Fig. 2 shows the penetration depth, the contact force and the
hysteretic loop for a typical impact.

Fig. 2. Hertzian contact law according to (2) with penetration depth d, contact force FN and hysteretic loop of a sphere
impacting a barrier; m ¼ 0:145 kg; _dd� ¼ 5 m/s; K ¼ 65:8� 109 N/m1:5; e ¼ 0:95.
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3.2. Hydrodynamic contact force model

Since most of the joint clearances in mechanisms and machines are in lubricated bearings, a
model is needed for this type of bearing. The simplest type of fluid film bearing for a revolute joint
is the plane full journal bearing. Rogers and Andrews [13] are among the few who incorporate a
simple empirical hydrodynamic bearing model in a linkage dynamic analysis. In the work of Moes
et al. [14] simple but nevertheless accurate closed-form analytical expressions for the load carrying
properties of fluid film bearings are introduced. These solutions are based upon the Reynolds
equation for a thin film. Incorporated is the effect of cavitation and the finite length of the bearing.
An algorithmic interpretation of their expressions for the determination of the bearing force as
a function of the relative position and speed of the journal and the physical parameters of the
bearing is presented in Appendix A. This straightforward algorithm can be coded in any nu-
merical procedure. It returns the forces exerted by the fluid film on the sleeve expressed in the
Cartesian reference frame Oxy of the sleeve as

Fx
Fy

� �
¼ 2ll r

c

� �3
vs
cosu � sinu
sinu cosu

� �
Wx

Wy

� �
; ð6Þ

with journal radius r, radial clearance c, bearing length l, lubricant dynamic viscosity l, pure-
squeeze velocity magnitude vs and orientation u, and dimensionless damping coefficients Wx and
Wy which are a function of the shape and the state of motion of the bearing. An example of the
quasi-static load carrying capacity of such a lubricated journal bearing is shown in Fig. 3. The
sleeve is fixed and the journal rotates with a constant angular velocity. The bearing force with
respect to the fixed frame is calculated as a function of the scaled horizontal position x=c. In every
position the velocities _xx and _yy are zero (quasi-static). The bearing dimensions are the same as those
of the slider-crank example from Section 5. From this example a major characteristic of the
bearing model is immediately clear: when the journal approaches the sleeve, e.g. x=c > 0:95, the
bearing force increases very rapidly; note the logarithmic scale used. The bearing becomes stiff and
the numerical analysis will be sensitive to small errors in the relative journal positions x and y.

Fig. 3. Bearing force F in magnitude (––) and orientation (– – –) exerted by the lubricant on the journal as a function

of the eccentricity x=cðy ¼ 0Þ for the quasi-static case ( _xx ¼ 0 and _yy ¼ 0), with a hydrodynamic lubricated bearing
according to the model by Moes et al. [14]; x ¼ 163:62 rad/s; r ¼ 10:0 mm; c ¼ 0:5 mm; l ¼ 2r; l ¼ 0:1 N s/m2.
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4. Discontinuous contact force model

4.1. Impulse equations

In the discontinuous contact force model the duration of contact is assumed to be very short in
comparison with the time scale of the problem at hand. Under this assumption the change in
velocity is instantaneous and we speak of an impact. The velocity jump is enforced by a very high
value of the contact force acting only during a small time interval of contact. In the limit case the
force is infinite and the time interval is zero. The integral of the force with respect to time over the
duration of the impact, the impulse, has a finite value which is the cause of the velocity jump.
While the impact takes place all positions remain constant and all non-impulsive forces of the
mechanical system can be neglected. The impact is usually divided into a compression and an
expansion phase. Newton’s impact law links these two phases by stating that the relative speed
after impact equals e times the relative speed before impact but it has the opposite direction. The
factor e is the coefficient of restitution. A value of e ¼ 1 corresponds with a fully elastic impact
whereas the value of e ¼ 0 represents a completely inelastic impact in which the two parts ‘‘stick’’
together after impact. For an unconstrained mechanical system the equations of motion can be
written as

M€qq ¼ f; ð7Þ

with mass matrix M, the accelerations €qq of the generalized coordinates q and the sum of all
generalized forces f. When contact occurs possibly at a number of points, indicated by the vector
equation gNðqÞ ¼ 0, the system becomes constrained and the equations of motion become

M€qqþ g0TNkN ¼ f; ð8Þ

with the partial derivatives g0N ¼ ogN=oq and the multipliers kN dual to the relative contact ve-
locities _ggN. These multipliers can be interpreted as the contact forces. Integration of these
equations of motion over the time of impact and taking the limit case yields

lim
t�"tþ

Z tþ

t�
ðM€qqþ g0TNkNÞdt ¼ 0: ð9Þ

The generalized forces f only contain non-impulsive forces and therefore the right-hand side
vanishes. Under the introduction of the contact impulses,

sN ¼ lim
t�"tþ

Z tþ

t�
kN dt; ð10Þ

and noting that the mass matrix, in general a function of the generalized coordinates, stays
constant during impact, the momentum equations for the mechanical system become

M _qqþ þ g0TN sN ¼ M _qq�; ð11Þ

with _qq� the generalized velocities before and _qqþ the generalized velocities after impact. Together
with Newton’s impact law,
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_ggþN ¼ �e _gg�N; or g0N _qq
þ ¼ �eg0N _qq

�; ð12Þ
we have a complete set of linear equations reading

M g0
T

N

g0N 0

� �
_qqþ

sN

� �
¼ M _qq�

�eg0N _qq
�

� �
: ð13Þ

From these equations the velocities after impact _qqþ together with the contact impulses sN can be
found. Because Newton’s impact law (12) is often contradicted experimentally in case of multiple
impacts, a restriction to simple impacts is made. With one impact occurring at a time the resulting
contact impulse can be solved as

sN ¼ ð1þ eÞmeg0N _qq�; ð14Þ

where the effective mass

me ¼ 1=ðg0NM�1g0TN Þ: ð15Þ

The velocities after impact are given by

_qqþ ¼ _qq� �M�1g0TN sN: ð16Þ

The change of energy during impact is equal to the difference of the kinetic energy before and after
the impact yielding

DT ¼ �1
2
ð1� e2Þmeð _gg�NÞ

2: ð17Þ

Since the coefficient of restitution e is between 0 and 1, the impact will always be dissipative except
for the limit case e ¼ 1, where we have energy conservation.

4.2. Numerical aspects of impact analysis

In a joint having a clearance three distinct states are to be observed: free flight where there is no
contact between the two parts, impact and permanent contact. In doing the numerical calculations
it is very important to find the precise moment in time of transition between these different states.
If not, there will be a build-up of errors and the final results are inaccurate. If we rely on the
integration routine to do this job it has to step back and take smaller steps until a step is taken
within the error tolerance. The transition from an impacting motion to permanent contact leads
to an infinite number of impacts (with decreasing impact velocities) in a finite period of time, a so-
called finite time singularity. In the next three subsections the handling of the different transitions
will be treated.

4.2.1. Contact detection
Usually coming into contact is detected by a change of sign in the distance gN between the

discrete moments in time tn and tnþ1,

gNðqðtnÞÞgNðqðtnþ1ÞÞ < 0: ð18Þ
This zero crossing of gNðqðtÞÞ can be found with the help of a bisection or a Newton–Raphson
procedure. In both cases we need to calculate intermediate values of qðtÞ. A fast and accurate
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approach, as proposed by Meijaard [15], uses a third-order interpolation polynomial between the
already calculated position and velocity at tn and tnþ1. This interpolation reads

qðtÞ ¼ ð1� 3n2 þ 2n3ÞqðtnÞ þ ðn � 2n2 þ n3Þh _qqðtnÞ þ ð3n2 � 2n3Þqðtnþ1Þ
þ ð�n2 þ n3Þh _qqðtnþ1Þ ð19Þ

with n ¼ ðt � tnÞ=h and h ¼ tnþ1 � tn. By interpolation of the generalized coordinates qðtÞ and
evaluation of the distance function gNðqðtÞÞ the moment of contact can be calculated within a
given error tolerance. We thus avoid repetitive calculation of the accelerations from the system
equations to find the zero crossing.

4.2.2. Permanent contact
Just as with a bouncing ball on a horizontal plane, the journal may tend to stay in permanent

contact with the sleeve. In the analysis this is often recognized as a rapidly increasing number of
impacts with decreasing impulses. On the basis of slowly varying forces the motion, after impact
with such a low impact velocity, can be estimated by a constant acceleration flight,

gNðtn þ hÞ ¼ _ggNðtnÞhþ 1
2
€ggNðtnÞh2: ð20Þ

The next moment of contact is estimated by setting gNðtn þ hÞ to zero from which we come up
with an estimated duration between contacts,

hc ¼ �2 _ggN
€ggN

: ð21Þ

If this estimated duration is within the integration timestep, contact within one integration step is
highly probable. The time in which permanent contact will occur can be estimated by assuming a
number of subsequent impacts with coefficient of restitution e. After the first impact, the impact
velocity is reduced by a factor e while the acceleration, €ggN, more or less stays the same. The es-
timated duration till permanent contact is the sum of the infinite sequence of durations given by

h1 ¼ hc þ ehc þ e2hc þ 
 
 
 ¼ 1

1� e
hc: ð22Þ

If, at impact, this estimated h1 is less than the integration step size h, permanent contact is as-
sumed. The configuration of the system at permanent contact is found by first interpolating the
generalized positions and velocities at the time of impact and then doing a fully inelastic impact
calculation.
If the two parts are in permanent contact the equations of motion for this constrained me-

chanical system are according to (8). These together with the contact condition gN ¼ 0 lead to a
mixed set of ordinary differential and algebraic equations (DAEs).

M g0
T

N

g0N 0

� �
€qq
kN

� �
¼ f

�g00N _qq _qq

� �
: ð23Þ

These equations can be solved in various ways. In our approach as implemented in the multibody
computer code SPACAR [16] the system equations are transformed to a system of independent
coordinates. In literature this procedure is often referred to as coordinate partitioning.
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4.2.3. Loss of contact
The loss of contact can be detected by monitoring the contact force kN. If this force becomes

positive, i.e. tension in the contact region, the contact condition, gN ¼ 0, has to be dropped. In
finding the zero crossing of the contact force intermediate values can be calculated with the mixed
DAEs from (23). For the intermediate values of q and _qq the same third-order interpolation
polynomial as in (19) can be used. On the other hand, if a numeric integration scheme with in-
termediate steps is used, like for instance the classic fourth-order Runge–Kutta method, the in-
termediate values of the contact force can be used for direct interpolation in time. This is a fast
and accurate method. In the case of having an intermediate value at the midpoint h=2 the second-
order interpolation yields

kNðtÞ ¼ ð1� 3n þ 2n2ÞkN0 þ ð4n � 4n2ÞkNh=2 þ ð�n þ 2n2ÞkNh; ð24Þ

with n ¼ ðt � tnÞ=h and h ¼ tnþ1 � tn, the contact force kN0 at the beginning, kNh=2 at the midpoint,
and kNh at the end of the step.

4.2.4. Maximum contact force estimation
The maximum contact force can be estimated from the contact impulse sN and the elastic

material properties of the joint. We shall assume a non-dissipating contact force model accord-
ing to

FN ¼ Kdn: ð25Þ

The maximum indentation is calculated from the balance of the kinetic energy just before impact
and the elastic energy at maximum indentation,

1

2
með _dd�Þ2 ¼ 1

nþ 1Kdnþ1
max; ð26Þ

where me is the effective mass (15) of the mechanical system at the contact location. With the
contact impulse sN ¼ me _dd

� the maximum indentation yields

dmax ¼
nþ 1
2

s2N
meK

	 
1=ðnþ1Þ
ð27Þ

and the estimated maximum contact force is given by

FN max ¼
nþ 1
2

K1=n

me
s2N

	 
n=nþ1

: ð28Þ

In the case of a Hertzian contact, n ¼ 3
2
in the above expressions, whereas in the case of a linear

spring the exponent n is one and the maximum contact force yields

FN max ¼ xcsN; ð29Þ
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where we have introduced the natural contact frequency

xc ¼
ffiffiffiffiffiffi
K
me

r
: ð30Þ

In the expression for the contact force (29) we clearly recognize the impact sN being a product of a
high force FN max and short time period 1=xc. The approximation for the maximum contact force
only holds for high contact frequencies in comparison to the other natural frequencies of the
system.

5. Application to a slider-crank mechanism

A slider-crank mechanism is used as an example to illustrate the effect of the different types of
joint clearance models. The same mechanism has been used as an example by Ravn [7], which
allows us to compare some results. The mechanism, as shown in Fig. 4, consists of a rigid crank
of length 0.05 m, a rigid or elastic connecting rod of length 0.12 m and flexural rigidity
EI ¼ 6:2146� 103 Nm2, and a slider. The slider mass and the uniformly distributed mass of
the connecting rod are both 0.145 kg. The crank rotates at a constant angular velocity x ¼ 523:6
rad/s. The revolute joint between the connecting rod and the slider is modelled with joint clear-
ance. The journal radius is 9.5 mm while the sleeve radius is 10.0 mm. The width of the joint is
20.0 mm. The materials in contact have the properties of steel with Young’s modulus E ¼
2:06� 1011 N/m2, Poisson’s ratio m ¼ 0:3, coefficient of restitution e ¼ 0:95 and zero friction is
assumed. For the fluid film lubricated journal bearing a lubricant dynamic viscosity of
l ¼ 0:1 N s/m2 is used. In the initial configuration the slider is in the top dead centre and the
journal centre displacements and velocities are taken to be zero. Four different cases will be
considered. First, all links are considered to be rigid bodies and a Hertzian contact force model is
used at the revolute slider joint. Second, again all links are rigid but an impact model at the
revolute slider joint is used. Third, a rigid crank and an elastic connecting rod, and a Hertzian
contact force model at the revolute slider joint are used. Fourth, all links are assumed to be rigid
bodies and a hydrodynamic lubricated bearing at the revolute slider joint is used.
The example is modelled in the general purpose multibody computer code SPACAR [16], which in

short can be characterized by finite element method modelling with transformation to independent
generalized coordinates. Since clearances are typically at least a 100 times smaller than link lengths
the effect of the clearance can be treated as a small perturbation on the ideal kinematic motion. This
same treatment is used by Dubowsky and Gardner [17]. The perturbations, being the small dis-
placements in the joint, are handled with the concept of small vibrations superimposed on non-

Fig. 4. Slider-crank mechanism with radial clearance at the slider revolute joint.
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linear rigid body motion as described by Schwab and Meijaard [18]. This is a fast and accurate
method in particular for systems having high eigenfrequencies relative to the driving frequency.

5.1. Continuous Hertzian contact force model

In this first case the links are considered to be rigid bodies and the contact force model for the
revolute joint at the slider is of the Hertzian type. This corresponds to the example as given by
Ravn [7]. The line contact in the revolute joint will only be present for two cylinders aligned with
extreme precision. Also, a uniform force distribution over the length of the joint can only be the
case if we neglect the boundary effects. With these arguments we propose to use the Hertzian
contact force law between two spheres. With the example parameters from above the Hertzian
stiffness coefficient (3) can be calculated with R1 ¼ 9:5 mm and R2 ¼ �10:0 mm as K ¼ 65:8� 109
N/m1:5. The slider accelerations and velocities for the time interval of two crank revolutions, after
the transient has died out, are shown in Fig. 5. In the first half of the time interval the acceler-
ations show smooth changes while in the second half they show high peak values which imme-
diately drop back to zero. These zero accelerations indicate the free flight of the slider and
consequently the occurrence of impacts in the joint. This is confirmed by step-like changes of the
velocity during this second half of the interval. The torque applied to the crank to maintain
constant angular velocity is shown in Fig. 6. Here again we observe the high peak values due to
the impacts. The rigid slider and crank propagate the high peak forces at the joint instantaneously
to the crank. In the path of the journal centre as shown in Fig. 6, we recognize the different
contact modes: free flight, impact with rebound, and permanent contact. The dots are plotted
equidistantly in time. The excursions outside the clearance circle are due to the local Hertz de-
formations. Results correspond well with those from Ravn [7].

5.2. Impact model with estimated maximum contact force

In this second case the links are again assumed rigid but the interaction in the revolute joint
with clearance is modelled by partly elastic impacts. These impacts give rise to discontinuous

Fig. 5. Acceleration (a) and velocity (b) of the slider for the case of rigid links and a Hertzian contact force model. The

smooth curves correspond to the case without clearance. The shown time interval corresponds to two crank revolutions.
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forces in the joint and jumps in the velocities of the system. The maximum contact force which
occurs during the short period of impact is estimated with the simple model from Section 4.2.4.
The slider acceleration and velocity for the time interval of two crank revolutions, after the
transient has died out, are shown in Fig. 7. The slider acceleration is zero during most of the first
crank revolution. This means that the slider is solely moved by impacts. These impacts can clearly
be seen in the staircase-like slider velocity during this first half of the time interval. The second
half of the time interval shows permanent contact. The acceleration and velocity oscillate, owing
to the tangential oscillation of the journal in the sleeve, around the smooth curve of the rigid
solution. In Fig. 8 showing the torques acting on the crank, vertical lines are drawn representing
the maximum torques due to the estimated maximum contact forces according to (28). These
estimates match well in magnitude and in mutual distance with the high torque peaks during the

Fig. 6. Torque acting on the crank (a) and journal centre path (b) for the case of rigid links and a Hertzian contact

force model. The smooth curve corresponds to the case without clearance. The shown time interval corresponds to two

crank revolutions.

Fig. 7. Acceleration (a) and velocity (b) of the slider for the case of rigid links and an impact contact model. The

smooth curves correspond to the case without clearance. The shown time interval corresponds to two crank revolutions.
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second half of the time interval for the Hertzian contact model from Fig. 6. At the end of the first
crank revolution in Fig. 8, a smooth transition from the estimated maximum torque during im-
pact in the permanent contact torque can be observed. In the path of the journal centre we
recognize again the different contact modes: free flight, impact with immediate rebound, and
permanent contact. The dots are plotted equidistantly in time. Note the zero penetration depths.

5.3. Continuous Hertzian contact force model and elastic connecting rod

In this third case we model the connecting rod as an elastic Euler–Bernoulli beam and the crank
as a rigid body, and we use the Hertzian contact force model at the slider joint. The centre line of
the connecting rod is assumed inextensible since the frequencies of the axial modes are consid-
erably higher than the frequency of the first bending mode. The material damping in the con-
necting rod is considered such that the damping of the first eigenmode for small vibrations is 1%
of the critical damping. The connecting rod is modelled by two planar beam elements. The model
has six degrees of freedom; two degrees of freedom result from the joint clearance and four de-
grees of freedom describe the bending of the connecting rod. Results are shown in Figs. 9 and 10.
The elasticity of the connecting rod has a smoothing effect. Compared with the case where the
connecting rod is modelled as a rigid body (Section 5.1), the maximum acceleration is reduced
from 180� 103 to 120� 103 m/s2 and the maximum driving torque from 1.35 to 0.85 kNm. The
compliant elements act as a suspension. This effect of elasticity of the links was also noted by
Dubowsky and Gardner [17]. During the first crank revolution a high-frequency response in the
torque acting on the crank can be observed (see Fig. 10). This is due to high velocity impacts
which excite the first and second bending eigenmode of the connecting rod. These eigenfrequencies
can be estimated from a simply supported beam model as xb1 ¼ 49� 103 rad/s and xb2 ¼ 197�
103 rad/s, and compared with the first eigenfrequency for axial vibrations xa ¼ 268� 103 rad/s

Fig. 8. Torque acting on the crank (a) and journal centre path (b) for the case of rigid links and an impact contact

model. In the left figure, the smooth curve corresponds to the case without clearance and the vertical lines indicate the

contribution to the torque from the estimated maximum contact force during impact. The shown time interval cor-

responds to two crank revolutions.

A.L. Schwab et al. / Mechanism and Machine Theory 37 (2002) 895–913 907



justify the assumption of the inextensible beam model. The natural contact frequency as in (30) is
xc ¼ 80� 103 rad/s, and lies between the first and the second bending eigenfrequency of the rod.
The recurring impacts with rebound can also be observed in the journal centre path.

5.4. Continuous contact force model with hydrodynamic lubricated bearing

In this fourth case the links are considered rigid bodies and the revolute slider joint is modelled
with a hydrodynamic lubricated fluid film bearing as presented in Appendix A. Looking at the
results for this case (Figs. 11 and 12) we see that they are almost the same as for the system
without clearance, which are represented by the smoother curves in all figures. The responses

Fig. 9. Acceleration (a) and velocity (b) of the slider for the case of an elastic connecting rod and a Hertzian contact

force model. The smooth curves correspond to the case without clearance. The shown time interval corresponds to two

crank revolutions.

Fig. 10. Torque acting on the crank (a) and journal centre path (b) for the case of an elastic connecting rod and a

Hertzian contact force model. The smooth curve corresponds to the case without clearance. The shown time interval

corresponds to two crank revolutions.
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differ only slightly when the slider acceleration has to change sign. The horizontal bearing force Fx
has to change sign and the bearing can only supply this by a flight of the journal across the sleeve.
This can be seen in the journal centre path diagram (Fig. 12). This crossing will involve high
journal centre speeds and subsequently will give rise to peak forces. The velocity of the slider
shows clearly that at the extremes it has a tendency to lag behind. Note the steady state behaviour;
the first and the second shown crank revolution are practically the same. In the bearing force locus
(Fig. 13) the peak force after a change of sign of the horizontal bearing force Fx is evident. The
peak force at high velocity and the high stiffness at maximum radial displacement can be observed
in Fig. 14 the figure presents a 3D diagram of the magnitude of the bearing force versus the radial
displacement and the radial velocity.

Fig. 11. Acceleration (a) and velocity (b) of the slider for the case of rigid links and a hydrodynamic lubricated bearing

model. The smoother curves correspond to the case without clearance. The shown time interval corresponds to two

crank revolutions.

Fig. 12. Torque acting on the crank (a) and journal centre path (b) for the case of rigid links and a hydrodynamic

lubricated bearing model. The smooth curve in the left figure corresponds to the case without clearance, the dots with

numbers in the right-hand figure indicate the corresponding crank angles. The shown time interval corresponds to two

crank revolutions.
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6. Conclusion

Three clearance models for a revolute joint have been considered: a continuous contact force
model, an impact model and a model for a hydrodynamic lubricated bearing. For the impact

Fig. 13. Bearing force locus for the case of rigid links and a hydrodynamic lubricated bearing model. Dots with

numbers indicate the corresponding crank angles. The dashed curve corresponds to the case without clearance.

Fig. 14. Magnitude of the bearing force F plotted against the radial displacement q and the radial velocity _qq for the case
of rigid links and a hydrodynamic lubricated bearing model. Dots with numbers indicate the corresponding crank

angles.
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model the impulse equations and numerical aspects in handling transitions between different
states of motion have been presented; an estimate for the maximal contact force can be made.
The results from the impact model compare well with those from the Hertzian contact force

model. Both models can predict the dynamic response of mechanisms and machines having
unlubricated revolute joint clearance including the peak values of the forces and position and
velocity deviations due to the clearance. The impact model, however, requires much less com-
putational effort.
In the case of a hydrodynamic oil film lubricated bearing the joint forces develop much

smoother and the peak values are significantly reduced compared with the unlubricated case. A
similar but far smaller reduction can be observed when the links are considered to be elastic. The
position and velocity deviations of the system due to the clearance stay approximately the same in
both cases. The closed-form analytical expressions for the load bearing properties of a hydro-
dynamic lubricated fluid film bearing as described by Moes et al. [14] fit well in the numerical
procedure. One numerical complication is the high stiffness at large eccentricity.
The examples demonstrate the numerical tool developed to analyse the effect of joint clear-

ances. The software can also be applied to investigate the effect of parameter variations and to
optimize revolute joints.
Because of the uncertainty of the unlubricated bearing properties such as the coefficient of

restitution and friction, it is recommended that the different models presented in this chapter be
tested experimentally. Furthermore, it is recommended that the effect of dry friction be incor-
porated in the analysis of unlubricated joints in spite of the complexity that this may add to the
analysis. For example the friction coefficient will have a significant influence on the tangential
oscillations shown in Fig. 7 for the frictionless case.

Appendix A. An algorithm for the fluid film lubricated full journal bearing forces

This appendix gives an algorithmic interpretation of the closed form analytical expressions for
the approximate load bearing properties of a fluid film lubricated full journal bearing given by
Moes et al. [14]. Their solution is based on the Reynolds equation for a thin film. Incorporated is
the finite length of the bearing and the effect of cavitation in the fluid film.
Let us consider a full journal bearing with journal radius r, radial clearance c, bearing length l,

and lubricant dynamic viscosity l. Attached to the sleeve is a Cartesian reference frame Oxy with
O in the centre of the sleeve. The position and velocities of the journal centre with respect to the
reference frame Oxy of the sleeve are denoted by x, y and _xx, _yy. Let x be the angular velocity of the
journal with respect to the reference frame Oxy, and �xx and k be defined by

�xx ¼ x=2;

k ¼ l=ð2rÞ:
ðA:1Þ

Then the algorithm is as follows. Calculate the components of the pure-squeeze velocity v as

vx
vy

� �
¼ _xx

_yy

� �
� 0 � �xx

�xx 0

� �
x
y

� �
: ðA:2Þ
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Let u be the angle of this vector with the x-axis, and vs the magnitude,

tanu ¼ vy=vx;

vs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2x þ v2y

q
:

ðA:3Þ

Express the scaled journal positions x=c and y=c in the coordinate system rotated over the angle u,

n
g

� �
¼ cosu sinu

� sinu cosu

� �
x=c
y=c

� �
: ðA:4Þ

Define the eccentricity as the length of this vector,

e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ g2

q
: ðA:5Þ

Calculate the dimensionless damping coefficients Ws or impedance vector for the short bearing
(Ocvirk) [19] with ruptured or cavitating fluid film, with

Gs ¼
k

1� e2

	 
2
;

Js ¼
2ffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p arccos

 
� nffiffiffiffiffiffiffiffiffiffiffiffiffi

1� g2
p

!
;

ðA:6Þ

as:

Wsx ¼ Gsðð1� e2 þ 3n2ÞJs þ 6nÞ;

Wsy ¼ Gsg 3nJs

	
þ 4þ 2 n2

1� g2



:

ðA:7Þ

Calculate the damping coefficients Wl for the long bearing (Sommerfeld) [19] with ruptured fluid
film, with

Gl ¼ 3=ð2ð1� e2Þð1þ 1
2
e2ÞÞ;

Kl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 1

2
e2Þ2 � ð1þ 1

4
e2Þg2;

q

Jl ¼
2ffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p arccos

 
�

ð1þ 1
2
e2Þnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

K2l � g2
p

!
;

ðA:8Þ

as:

Wlx ¼ Glðð2þ e2 � 3g2ÞJl þ 4nKlÞ;
Wly ¼ Glgð3nJl þ 4KlÞ:

ðA:9Þ

The damping coefficients of the finite length bearing are approximated by the value as if the short
and long bearing damper were connected in series,

Wx ¼ 1=ð1=Wsx þ 1=WlxÞ;

Wy ¼ 1=ð1=Wsy þ 1=WlyÞ:
ðA:10Þ
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The components of the bearing force F, being the force exerted by the fluid film on the sleeve
expressed in the Cartesian reference frame Oxy of the sleeve, are

Fx
Fy

� �
¼ 2ll r

c

� �3
vs
cosu � sinu
sinu cosu

� �
Wx

Wy

� �
: ðA:11Þ
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