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“~The purpose of the study described herein was to identify and measure
(1) the critical parameters of bicycle design associated with their motions in
© the vertical® longitudinal plane. (braking and pitchover motions) andl(z) their
» handling qualities.' The approach involved both analytical and experimental ‘
procedures with major emphasis on the developnent of a mathematical model of
, the bicycle for use as a tool to fvaluatc the effects of design parameter

.. variations on performance. The erimental studies consisted of . perforning'
; P 7“?

a number of ‘maneuvers (straightkrraking, ‘steady state ‘cornering, hands-off
: path following, serpentine trac

ing) on two bicycles of different basic design.

\Several different riders, providing a wide range of weight, were used in these
It was concluded that many factors interact to produce the stability

and control characteristics of | 'a given design but that front wheel brakes and._

short wheelbases can be singled out as hav1ng specific hazard potential ( )
’ /
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1.0 INTRODUCTION

.The bicycle, as a means of transportation and a source of fun, is used
by millions of. boys and girls throughout the country. And, certainly, a great ‘
‘many adults still enjoy it as a convenient form of pleasure and exercise.

Almost all of these users take for granted their ability to ride any configuration -
of this fascinating vehicle, littie recognizing the factors which make it
_possible to operate a device which is staticelly @i. e{, at zero speed) umstable.~
The ‘learner and novice rider, however, can attest to a need for developing a
certain level of skill in order to convert this device into a practical vehicle.

In a very general way, stability and maneuverability are incompatible'
features in all vehicles. This means that the design is usually a tradeoff
among various factors in order to achieve acceptable performance over the
complete operating range'of the vehicle, Emphesf; is placed on those factors
_Which best serve the purpose of the ﬁes1gn._ In the bicycle, some of these
features are: o

Wheelbase - All other factors.beiﬁgyequal, increased wheelbase leads
to increased stability. in path-fbilcwing. This is a desirable feature for
straight riding and durlng 1earn1ng, but it is detrlmental to fest-corner1ng .
and avo;dance maneuvering._ ’

Wheel size - . For a given rotational speed, the larger wheel, because of
both mass and mass d1str1but1on‘effects, will provide a larger gyroscopic
act1on. This action is stab1lizing (i.e., it contributes to keeping,the bicycle
upright) and, therefore, larger wheels are advantageous from this- standpoint.
The larger wheel is also better in curb climbing.

. ‘Front wheel mechanical trail - The selection of trail and caster angle
(see the ‘sketch below for definition) provide the designer with the primary
means for setting the inherent stggglity and controllability of the bicycio.
Tradeoffs involve the direc7f6n-and the anount of tire self-aligning torque, -
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gravitational and ca:bering effec’s , and desired level of steering forces.
"It was to enable the investigation of these interactions on stability that

the mathematical model developnent was proposed S .
‘ (
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2.0 SUMMARY"
- ?a‘l

- L o . i R . .
. The bicyele may be likenad to the automobile - the sportier the design,
“the more skill likely to'be required for its safe operation’

. Shorter:wheeibase and smaller wheel size are detrimental to both
lateral and vertical plane stebility. - ‘ ' ‘
Prbtuberahces'(such as high- handlebars, gear shift lcvers mounted~on
the horizontal frame member, and seat backs) which can be bumped or’
which 1nh1b1; the ability of the rider to get free of- the blke are
potential safety hazards. o e ' 'f (

B »‘/ »

’Blcycles ﬁau1pped with front wheel brakes can be stopped more qu1ck1y
(that’ 17‘ in shorter distances) than a similar. bicycle equipped ‘with

‘ coaster brakes, However, in’ some situatlons, such ‘as when the r1der
“ stands uprlght on the pedals, hard front wheel braking caﬁ\léad to

' forwarl pitchover, When thls occurs, the motion is so rapid that there _.

is little which an unsuspecting rider, even a very exp-rienced one, can

do to avoid a bad fall, The counterpart to this in hard rear-wheel

braking -- a lateral breakaway -- is much more easily handled.

In the tests which Qere performed to obtain quantitative measurements
of handling qua11t1es (and these included steady staté cornerxng‘and
serpentine path follow1ng), the high rise b1cyc1e ‘did not prove to be
more maneuverable at moderate speeds (10-15 mph) than the cenventional
blke. This is not to sy - -that all maneuvers can be performed equally

* well with each design, however, it does suggest that the hlgh riser
outperfbrms the conventional bike. only in acrobatlcs and in situations
where its shorter overall length is-essential to success,’ W1thout .
gearing, the high riser is not a good design for transportation it is
just too tiring to pedal at speed for distance compared to the’ conventlonal
design. - In essence, it is a bike to have fun with -and, by 1ncorporat1ng

.44
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‘features which makes this p0551ble, it requxres somewhat more Sklll

’the 1nvest1gat1on of the effects of a w1de range of design factors on

for its operatlon.

As pait of this ﬁnogram, a mathematical model of the bicycle with eight
degrees of motion freedom, including the fhreevtranslatione'ana the
three rotations of the whole system has been develuped The mathematlcal
model prov1des a capabillty for the evaluat1on of blcycle designs and -

performance, Such features 1nc1ude whael size, fork. angle, wheelbase,
total weight and weight distribution, height of center of gravity, and
flre _characteristics.. In this short study, it has not been poss1b1e

Cto ] o more than get the simulatlon worklng properly, but it is strongly :

recommended that it be used to study these effects in. order to achieve
a better understandlng of the fundamentals of bicycle stablllty and
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3,1 PHYSICAL CHARAGTERISTICS

: 'They nre considered to be represenutive of the two ‘oSt pthr

The bicycles whieh Here med in the tms m m m

styles - the high riser and the- lightweight conventimal design. :
of. the physical cparacterist_ics ‘of the two bicxeles is given _:ln Table I,

- ‘TABLE I: PHYSICAL CHARACTERISTICS:

w ; > . : .
‘ ‘ '  High Rise  Standaxd
‘Weight - Total - 39 lbs, . - . 39 1bs,
Front .18 1bs, © 19 lbs.
. _Resr - - . 211bs.. 20 lbs.
o Wheel Weight - - 4s. . 5 1bs,
— o Wheelbase . 35 im, 43-in,
© 7 Whéslsize  21in. (D)  -26-1/2 in.. (OD)
-Seat Height . 3133 in, .- . 33 in,
Caster Angle ~ = ' 20.5°° 23° -
 Mechanical Treil 1-1/2 1/8 in,  2-7/8 & 1/8 in.
Max, Roll Angle B X

"I‘he bxcycles are standard in every way except for the gxodificatmn which
4provides both coaster brakes and caliper brakes on each umt. The h«i/h rise
- bicycle wa.s eqmpped w1th a smgle-»speexf drive dnly, as was the conventional

model.. - o [

Add1t1ona1 physical measurements ‘of several rider—bicycle combinations

 to obtam data on center of gravity locations were made. The results of these
measuremenis which are defined in Figure '3 are shown in Table 11, °

“Measured with the pedals in a vertical ‘plane,

'V5-2888-K



Flgurs 2: HIGH RISER BICYCLE
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28-3/4 in.,
34~i‘ﬂ.

25-1/2 in,
. 30 in,

The main cdﬁclusibqs, to be reachsd from these data sre:

1.

2,

The centor-of-mvity on the hi-ziser is & largar percentage of the .
whoelbase aft of the front wheel tham on the conventiowmsl unit, This
is prefamd from the stsﬁpaint of brak:ln; and downhill vertical
pim stabiuty, it is dets ”"ii to @MH vertical plane stability.
Note that, because of t:ho shorter whmlbua, the absolute value of 'a”
is iesg for the high rise than the cm\veatiml bicycle even though
‘the ratio of "a" to "1 is lagger.

Cn the'hiy’;. rise bicycle, the valﬁeﬁ of afl for ithe rider-bicycle
combinations ranged from sbout .70 for low weigbt riders to about .76
for heavy riders. Velues for the stnuhrd bicycles ranged from sbout

,.69 Bor low mg: riders to aboat .67 for hetvy riders.

The vertical mr—of-xmi&ty &r m "bicycle only" condition is
lowsr for the high-rise bicycle tiua for the conventional . mﬂ:. Low .-

centcrs-obguvity are desirable for ltlkility [both ia roil ni in. pitdl}.; s

. | va_-zps;;.x
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"l'ic \%m vtrm wivh ﬂm miﬁt Mﬂ stn aml tﬁh&; 7
posu;ion m sttitude on t!h sgat,

m W neasurmnt made in mny of the tests was i“omﬁ w ‘of
the bicycle. mrhis purpose, each bicycle was equipped with a nnufmox
-&pproved speedémster which was later calibrated -af’ three differsnt spuck by
CAL., The results of this caiibrn’éion are shovm in Table III.

TABLE III: BICYCLE SPEEDOMETER mxmzms

Speqd OIVETE . ‘ e
[ :
10 . 7.5 9
s T s ass
' 20) ‘ 1.5 s 21
) Tests specifically aimed et determining maximm sttainsble speed were
ndt performed. Tt\was found in the course of other testing that both bicyéles

could be ridden at speeds im excess of 20 MPH for short d:lstanm by most of .
the test s:.iajeets.M Such speeds could not ‘be sustuined for any ptriod with
either bicycle. It was gemerally agrced, as is to be expected because of its
smaller wheels, that the high-riu bieyele was more tiring than the cmmtimu
unit at 'speeds sbove 1S MPH. With respect to maximum speed, it was concluded
that both bicycles could be cperated st high .enocugh speeds to assuve ldqunze
testing of the fromt pitchover problem, - s

0

The test program was designed t.z> provida geaeral evaluations of ﬂn
following duuctoristics' R ’ )
9 : -  VI-2888-K
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& Spesd eapability

The results of these tqsis are described briefiy—i’g«,}i&' o

Figures 4 through 6 show stopping distences measured in s large mﬂe& .
of tes Tuns. In 8ll cases, the rider was instructed to mike a hard stop after
sttaining 8 given initial speed. For clarity, oaly the a\m‘tgo valua for
saverdl ‘Tuns at.a specific condition is shom. ‘Figure 4 is a plot of stopping
distance vs, initial speed for a 160 potmd rider, The curves show the sdvantage
of front wheel braking over rear wheel braking in ‘stopping d:;staﬂce. Additional
tests showed coaster brakes to be sbout. squivalent to rear caliper brakes in

—  “stopping. This is shown in Fisuré 5 which contains data far a wide range of

rider weight . S v -

Figure 6 sho‘ﬁrthe effect of rider weight on stopping distance with
caliper brakes, For these rums, a steady state spesd of 15 MPH was achieved
and a hard braking stop was then cttqted, The dats show that stopping
distance,increases with rider weight. This is probsbly dus to saturation of
the available brake torque with csliper brakes; no such ‘varistion was found
with coaster brakes. inustuted points are aqut valuss. .

In the standup position, the rider's-cemter-of-gravity is along 8
vertical line through the crenk axis s shewn in the fellowing sketch, For
" the two bicycles under test, the dimensions A ‘shown in the sketch ére 25,5
inches and 21 inches for the conventioml and high rise bicycles, respectively.
The restoring moment for the shorter wheslbase bicycle is therefore some 20%

10 © vI-2888-K
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smaller than fer the conventional wnit” (neglecting the effect of bicycle center-
. of-svravity location which also tends to fever the conventional bicycle) When
the bicycles were operated in this mode, both could occasionany be made to

=

~—produce complete pitchover by application of the front caliper ‘brakes. The
high rise bicycle was more sensitive in this respect “than was the conventional
design, pitchover occurring at speeds as’ low as 10 MPH on dry surfaces with -
high coefficients of friction. In over 200 hard braking stops made during
the test program, how'ever, no instance of pitchover (or even.lifting of the
rear wheel) occurred when the rider renained seated throughont the brl.king
per1od ’

Specific tests to det‘ernine the curb-climbing limit of ‘the two bicycles

were not performed because of safety considerations. The'high riser was tested

- with a 130 pound rider over a 1 inch by 1 inch board and suctessfully crossed

. this obstacle without loss of stability. The rider was able to maint n
relatively straight path control in this test at all speeds. For tests of
“this type to produce good quantitative results without ﬁndue risk to the
rider, sophisticated instrumentation, well beyo_nd that»enployed for this brief
progran,‘ is required. It is recommended that computer simulation methods be
used for in-depth stndies of ,this phenomenon. '

14 - VI-2888-K -
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' Lateral sf;abiiity and ‘cmzro‘f. I

- qua11t1es of the bicycle.\ Lt f .

The general nlthelntical theory of the s;abil;ty and control of bicycles
is given in the Appendix and w‘ll k. ’ége discussed in detail h-.re in connection ’
w1th the test program. Instead, we will merely, point out some conditions wh1ch
mst be satisfied for stability snd show how these may 1nf1uence the handling '

s e
w

LN

v,‘j . o - ’." " .b\\-;‘l ;
The bicytle, or any 51ngle track vehlcle, must be stible in two int
related degrees of motion freedom -- roll and yaws (See Fxgure 3) \Rall .

' stab111ty is most important at’ Tow speed unt11 the blC/cle has reached

sufflclent speed for the gyr0§cop1c moment o£ the splnnlng wheels to prov1de
thls stabxllty, the r1der must cont1nua11y shlft his welght from 51de to side

;to keep the blcycle uprlght. This is the prlmary problem faced by the

‘beg1nn1ng r1der -=- he is unw1111ng to operate at ‘the higher speed needed to
. produce 1nherent stab:11ty yet lacks the experience to apply’ ‘the. necessary

vmaneuverablllty.

s

,contrlbutlons to balance by welght shlftlng Hence, tHe bicycle usually falls

“over on 1ts ‘side and . 1t is fgﬁértant that the rider be able to get free of the .

bicycle quickly and easily. As the rider gains’ experlence and. develops skill,
he 1s able to forego some  degree of stabllity in order te achleve hlgher

BN

~

Thieevbasic tests were‘peiformed to‘eVéiuate the stabilityrend contrbl
of the two bicycles: under study. The first of these was. concerned with' the
1nberent lateral stability which was examined by haylng the- sub;ects r1de the -
blcycles *hands-off" to determine the minimum speed at which a stralght line
path could be mainta1ned Results are shown 1n Table IV where it ‘¢an be seen
that. in every case the hlgh rise bicycle had to be pedaled at hlgher speed
for path control to be maintained. ‘Stable operat;on below the threshold speed
requires a: grenter degree’ of rider compensagion (1 e.,-we;ght sh1ft1ng)

15 - [ vi-2888-K
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TABLE IV: MINIMUM SPEED FOR PHANDS-OFF" STRAIGHT PATH FOLIOWING
S S b Mindmum <
Rider , o R ) Hands-0££
Weight . 1. Bieyele - Speed ‘ o
0 . o . sta Cr
0 w0 10
f o 140 Coswa L s g
€ 1 w0 o m ' 7 |
' Cooo1e0 0 0 WL | v 10
10 . .
130, o b std N
1so [ osta !‘ 6

In a szmple serpentme maneuvering test: on ‘a pattern as sketched below, ‘ :
' no sigmf:cant difference between ,ﬂi’& bicycles in ‘the time requ1red to complete '+ £
) the course was. measu:t'edﬁb 'I'l'ns test is. very ,defimtely related to driver skillg

it requires the bxcycle to be banked over nearly to 1ts almt for successful

performance at an average speed of 14 MPH. . ¢
START _ BT S FiNisH
] fe— 15 FT -] '
\' . ‘:v,( ' R .
- ‘-F-T . ® ® ® e ® ‘
k T [} o
. . Lo . . . N
—— . - 80 FT ,
- Tp ¢ : .
g . PR v
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; 'A plot of time. roquired as a@mcticm of Tun nimber - sfxm in Fiﬁ!‘! 7.
: admns;:mes the@ learning process' assoefattd with this task, Nove that the’

" - riders were sble to perform this test equaliy well with each bii:ynb. In
- comparison ‘tests. in which the pylons were spaced at. inteavels of 7 1/2 fnt,

_ ‘no’ -significant d1ffemce between the bicycles was detec’ced in a ri&er group
:."fof four Subjects. o

‘
e

Maxi-un léteral accelerasion capability wes measuredg;n ss;ggy stato

tests - on 8 50 f£t. radius c1rc1e,§ ‘The results obtained by a s1n;19 sk111e¢

frlder were w1th1n 10% of a mean value of .35g for both" bicyclos. A second -
rider reached a value of .335g with the conventignal umit. Ayerage spesd for

this test was approximately 16.5 MPH. It is concluded that both bicycles offer-

good cornerlng capablllty on dry surfaces in the normal’ speed range.
3,3 TEST RESULTS

Listed below are the principal results of theé performance and hsndling
tests: ' ’ '

1. Cosster brakes and reﬁi‘caliper btakes are equally effective in-
,panic stéps. ‘For r1ders 1n the 100 pound weight class, average
decelerat1on values on dry asphalt are about ,35g from an initial

‘,speed of about 15 MPH. : E !
2, AUﬁder Similar conditidns; front céliper“brakes are approximately
) '30%¥mpré,e£figieni. That is, average deceleration values rise te
_ about .4Sg.:lFfomf15 MPH, this represents a reduction in stopping

. distance of Qbout 5 feet,. - e )

3. A sl1ght .additional 1mprovement in stopping d1stance is achieved
when both ca11per brakes are applied. But this effect reduces
~  sfopp1ng distance by, at most, ‘two feet fbr the conditions c1ted

<.

: above.

7. L . VJ-2888-K
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tt;bia.

skill the smdard. gycie'camd be suecnssfully ridﬁen, hsmh-nﬂ',
at speeds £rom 2.to 5 MPH slowsr than the high risar. ‘

Lateral aegelsamtzon liait whnu padaling on a high coefficient of
friction surface is apgmxiutely ths same for both bicycles - ghout -
1/3g. In this ‘meds of operation the limit is due to pedal clearance ’
requiremts ‘which 1imits c‘wor -angle to sbout 20 degrees. At

this condition, the tizves of neither bicycle gppear to be near

‘ their maximem cornering forece. , : v

3

I these results are ;ntézpréted in terms of safety of operation, the

1,

z."

.3.

following conclusions can be drawn:

Front. wheel brakes, rqardlm of bicycle size; can lead to
pr&iens in safe qxemion. : o ' :

=S

At the :;sk of imcurring slu mt:h of millions of small boys,
leamr?‘mwca ridevs. should use g:h'ls-a:yie b;kes.

Bicyele designs mking @ﬁqnau £rent whecls must include
compensating design futm'es 6 avoid reducgag the linits of
nfe opmtion. ‘ . . : B

19 R VI-2888-K



wnde? uam%ﬁe{thmﬁ;ldmsum.m:
. : : cated in Figure 8, A-zotiting coordinate system is
" fixed ﬁn zlte roar M! and 4 caie structure and hss three tmslstiml and
three mutioml degrees of‘m with respect to the space fixed coordinate
system., The front wheel and steering fork has a rotational degsoo of fm
sbout an inclined stesr exis. 'ﬂae vider hu 8 rotatioml dogroo of freedom
shout @ horizontal roll axis. The eguations of motion include all the imrtial‘
l:ln; ‘torms bawm the rider, the £ront whul and steoring fork and the
rear wheel and frame. Included in the nthmtical anslysis ave redial tire
stiffness, tire side forces due to slip angle and camber angle, and the
grroscopic effects of the rotating wheels. A complete description of the
mathematical model on which the simulation is based is given in Appendix 1,

Limitations of time snd uﬁmdiag have prevented a thorough proof and
validation study of the simulation. Perhaps the most essential of the missing.
information is tire performance data., The preliminary test work has emabled
us to make ﬁf;t-order estimates of the tire factors which are needed for
exercising the siu;lation_bnt relisble values are meeded before a neaningfui
parsmeter evsluttim study can be mdoﬂ\akcn, - The required data include:

e Side force duo to inclinstion angle @s a fuaction of noml
force and tire pmsm ,

® Side !om due to slip anglo as a ﬁmction of normal force
and tire pressure -

i

éﬂlipi@ztmmvum; 20 : o S
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= 1 ~ ; : *Wlm industry to tske testrdi&o mup- \
,mt of pe!'fmnce stﬁdm M W imion. The follewing
recmaiom &ye mads:

‘I, Additionsl full-scale sxgerimental work is recommended in
 order to build up €n informstion bank on performence and
hendling ehm,tg ; sties, '

2, Accidont causstion stidies, linking design charactaristics
- and safoey, sheuld be undsrteken. '

3, The mhmtical model éwe:!.aped in this stuéy should be uscd
for further study of bicycio stability and contyel,

-23 ‘ VJ'-Zm'K
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DYNAMICAL ANALYSIS OF A BICYCLE
- Description of the H?h:hmtics; Model -




computer siwletion of a bicycle and rﬂic Nl - :
of simulsting the tmaienz response of $he htcycu L mm ]
the important design parameters of the fieyck sre vari
83 well as rider weight and weight distribuk on, Figure 1.5\_ ‘
be operated with no rider torque nguts to the front steerisg. fork. to similate
“hands off" riding or with rider comtrol inmputs in torms of torque ou the
steeriug fork and the roll moment bem rider and frne

The bicycle-rider lodel is a system.of a\ree rigid masses’ with eight

- degrees ‘of fmdo- The vehicle coordimte system (X,V,8) is defined as fixed

" in the. regr wheel and frame structure and has three translational (%, ,%5)
and three rotetional degrees (f,,.l') of freedom with respect to the spa.ce
fixed coordinate systema (&} Y',!’), Figure 2, The front wheel and steering fork
has a rotational degree of freedom a‘) sbout an inclined steer axis, The
, rider has a rotational degree of freedom. (i.) sbout a- horizontal roll axis,
; ,Figure 3. The origin of the vehicle coordinate system is at the intcrsection'
of the steering fork exis and the line which is pérpendicular to the steering
, ‘fort axis and pessee ‘through the re}er wheel center. The X axis is along the
Iongitudinal axis of the bicycle and is positive forward, the / axis is
positive to the right of the bicycle, and’ the 2 axis is. pesitive downwazxd, .
The origin of the front fork coordinete system (X, 1’ 2‘) coincides with the’. -
origin of the .vehicle coordinete systn. The £%axis is coincident with the
" steering fork axis and positive downvird the Xaxis is positive forward, and
- the Y”axis is positive to the right. The ¥ and ¥“axes are coincident at zero
steer angle. The space fixed coordinate system is defined with: the X Yplane
as the ground plane and with the 2’ axis pereliel to the gravity vector and
positive downward. 1 -
The mass distribution is assumed to be symmetrical with respect\toAthe

vertical-longitudinal plamne through the geometricsl ceneer of the bicycle.
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«

and the rear wheel and ‘Erame semm pros mzum\’ the equ;im‘ of ‘motien,

An’ important inclusion is tho gymcop;lc eotp»nag tfftct of ths rm:ing uhéeis;
|

It is assumed that t&e'only-extmal £orc’es icting on, the Mt:y'cle m
the tire normel forces and tire side forces, The rmi:lal sﬂffmss of  the tires
is assuaed to be constant with rolling radius. The tire gide) forces are given :
as second order functions of normal Jload, slip angle, and camber angle, .The
tire slip angles are calcula,ted from the components of the fomard and o
lateral velocities of the ground cont.ict ;ioiﬁi; in tihe'grourid ‘pla'ne’. RERETRE

Th1sLmathemat1cal analysis Tesults irt the fomulatlon of the eight
equations of motion for the bzcycle ‘and rider written m as a single matrix e
equation in Sectlon 7. This matrix equation of motion includes all the inertial
.coupling. between the rigid masses as well as the gyroscopic moment due, to. the.

~rotating wheels. The only ‘simplification to the equation being the small angle

assumptwﬁ%r the front steer angle and the rider 1'011 angle (sm =4,
cosé‘ l sm¢p é,, cosﬁ,ﬂ!) '
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. SPACE FIXED
~_ COORDINATE .

N

SPACE FIXED
COORDINATE
SYSTEM .

REPT SRR

. - ‘;' ,“.,. . ‘. ‘."4‘ . e : ’
Figure 3 FRONT FORK COOHPINATE(SYSTEM )
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The velocity of a point in a translating and rotating frane of rofbroace
is grven by the followrng equation.

Ve, +Sz+AXR o a

where:

is the‘relocity of the point“rolative to the space £ixed
coordinate system and expressed in the coordinates of the

=i

rotatrng reference frame.

is the véIocit&-of the origin of the rotating fraie of
reference~with respect to the space coordinate system

o~

and expressed in the coordinates of the rotating reference . - -
e .

frame, - - . . ) A o : .

is\the position vector, of'the poiht relative to the origin

)

of the rotating frame of reference and expressed in the

coordinates of the rotat1ng reference frame

2K s the velocity of the point relatiVé ro ;he:rotating,

fréme of reference and expressed in the coordinates’ of - i

the rotating reference frame.

DI

is the vector rotational-relocity of the rotating frq‘o ) \
of reference reiative to the space fixed'cqirdinafe'systeﬁn ) ‘
and expressed in the coordinates of the rotating reference

frame.

o . V3-2888-K .



&

are the pos1tion coordinates of the point almg the .
X, Y Z axes of the rotating cooz'dinate systen.

are the veJ\bcity c@m&t;' 65 the p‘o_i,nt’ relativé “to
the rotating frame of reference along the X, Y, Z axes
of the rotating coordinste system, v

are the rotational velocity cosiponents of the rotating
~ frame of reference relative to the space fixed
coordinate system around the X, Y, 2 ues of the -
rotating coordinate W

are the velogity components of the ot in of the Totating
frame of refereuge relati‘te to the ‘space fixed coordinate
systm -dlong the X, ¥, Z: ms of the rotsting coordinate

system. ‘ '
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me ﬁmﬁ -coord!
ceerdinwés of ﬁhe muiag referenee £rm

Equatlcm 1-1 may be nmumw into Bquation 1-4 yielding:

94—}{ (V +-—-——+.ﬁxk") V ‘(1.-5.)

or
4’ o x{ﬁxé‘;‘zﬂx 2 f

This is the.matrix equation

The sbove equation can be written in natrix -form,
for the inertial ecceleretioh of & mving point in a translating and rotating
frame of reference expressed in the coordinntes of the roteting reference E

frame,

lHl

Ve

8

Vi-2888-K
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where:

¢~

&, 35 % m tbo acceleration

uaces of m.mating coorﬂinate systen. ‘

,Q,é » m the rotatienal accelerstion conpments of the

m muing eocrdtmte systeu.

DBPORE nts of the origin of ths
rmtﬁm frame of m&mce relative to the space £ixed .
cotmrl:lnato system alons the X, Y, z axés of the Totgting
coqrdinatc systen.

&,ﬂ’ . ‘are: tho ascclcratim caqammts of the point x‘elative

to the space fixed c@oré’inate system along the x, Y, Z
axes of the rotatinﬁ coordia;te system,
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in the mm mﬁzm mm

mwlummorm»mminmwtm total m&n
velocity of the bedy, &, and its ineztis tensor, J.

AR ﬁ'*{f{{ﬁ o | 1-9
. R . _ B
thc vector cquatim for rotatimali lotj.m ply be writt,en as
foupvs. .
RTY 00 SRR

The above equation is now written in matyrix form excluding the term wiﬂx
the time derivative of the imertia temsor.

35 , ‘ v -zm-»x
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a&mtﬁo&, Y, Akes of the
system, - .

Ay My, Ay are the compossnts of the external mowen
| bbdralmthox Y.Zm:atmmgﬁu

codrdinate systa.

Since t‘.h‘e time derivative of the inmertia tensor was umd t0 be zers,

’ Bquation 1-11 is valid only if the moments and products of mu ‘of the
body are fixed with respect to the rout:lng coordinate m mmi’vu, if
any of the angular velocity coqmncnts&,. ey, q are mm, the bady mt '

‘be symtrical about the respoctivo axes, <

Eqdation 1-11 is now writtai_ in oxpandbd form,

3 ' - VI-2888-K




a1

the order y, 9 Q

The transformation mtrix for tramfoming coordingz» in the vehicle
coordinate system into coordinates in the sp;ce fixad caordimte systu is
given below, . ‘

cos & mr ,—casﬁsmyf Sipe B sin aeosr , sin ¢ smr«-cas; sine cos P

______ ) IS U UIPIR SN LIS
: ] - v i"_‘ o o
”A “ = ||cose mgr: CoS @ Cospp +Scr @ Siné sz&y:-w;rm; » o5 ff send sénppl) (1-13)
______ ‘g"""-""“"-—".""""“""-'r"'"‘““"""-’-‘—"‘""-'__‘
~sin e | cos 6 sin g ' cos 6 cos
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‘i‘he inslinstian mgles and’ slip;:le\s?ef thef
determined so that tive forces a:xd moments at: the :
obtained.

The dirsction cns';nes in the spece fixed caprdinate sy;ém of fhn ml
to the front wheel plane sre found below. The elements of ﬁhe right mt ltt:ix
reprssent the direction cosines of the nomal to the wheel plana in vehicle
coordinate system

€08 &y

g | éo;s‘&'mﬁ

where: 7 ; /

G&S «m‘,, w,cm,, ceu'm, are the direct:ioén cosines of the normal to th?
: front wheel plgné thh respect to the X, Y
A axes of th pace fixed coordinste systm

d is the rotat/ian of the front wheel gbout the
steer axis. .
8
8, is the caster ahgle of the front wheel steer

‘ a’?f/ - o : ,

_ The inclinstion angle of the. £ront \Mleei‘ wiiﬁ respect to the ground, &, is
the angle between the wheel plane and a plane perpendiculsr to the ground plane.

and having the same line of intersetz./tion uith the ground plane as the wheel.
plane ) 1

B, = aresin (05 wypy 005 Gy + 008 By, COfy + 08y, €08 dy) (2-2)
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K 'l‘he direction cosines in the spacé fixed coordinate systcn of the normal
ta the rear wheel plane are found bexow. i

(2-4)

Again assuming flat lével ground the inclination angle of the rear wheel with.

" respect to the ground, fy, msy be expressed as follows. e’”ﬂ

Be = aresin (008 Jype) ‘ : (@)

The slip angle is the ungle in the ground plane between ‘the heading ‘
vector of .the wheel and the velocity vector of the ground contact point. Since ~
" the ground plane is parallel to the X'-Y' plnno of the space fixed coordinate
system, the helding angle p.s ‘the angle between the X' axis and the line of
intersoction of wheel plane and the ground plane.

Thus the front and rear wheel heading mgles,rp m;lp'R. are as follows. ’
- \\/
’% = arclan ( ‘“‘"‘m/ g M) - Cen

It is usmed that chtmges in the rollmg radii of the fromt and rur wtuels
and that the latorar volocity of the front whe’el contact point with tespoct

-
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1-3 is now ‘soiwed for the mlecity

axmgthex/n 2 axes 'of points

whael "M mwwms but fixed in’ the

(2-8)

(2-9}

(2-10)

(2-11)

: (2-12) -

t o (2-13)

The components in the space €ixed ca@rdiﬁste systea ei the veloeity
vectors of the front end rear wheel greuad centact poifts arve found below.

= Il -

e

|l

~

%
w

&

(2-14)

(2-15)

Since the ground plane is'ﬁarallal‘to the X°*-Y? plane of the space fixed

coordinate system, the angle between the X' axis and the velocity vectors of

‘\I}

found as fol lows ‘

¥ ue;az‘!n /”/“/)

¥e = groten /"’/“,)
The front and rear wheel slip angles may now Bb'expressed askfouowsi’;\fkfd-

% = YV
o Ve

p

.
=

the front and rear whesl ground comtact points in the grcund plane may be

(2-16)
(z’-i7) .

(2-18)

(2-19) -
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" Sectian 3
'rms mca's

The instantanecus rolling radii are defined as the shortest distance

in the wheel plane from the wheel center to the ground plune. . -

ﬁﬁ.-mg,.a,w R (3-1)

¥here j we -1 the elevation of the front wheel center above _the, ground plane ;

and may be found from the following equatlon

z! A ' B

ol N HA “ ‘a (3-2
Yr | yg \ o )

3’29; 30 hy =Ry,

The instantaneous rolling radius of the rear wheel is found below. .

ke =~ S Pe Dipe ' DR )
where ® ’ ' . . o
Yir | = 190 " A H‘ : (3-4)

el |#e | - R

The radial foxce on a wheel acts along the line connecfing the ground cqn/tact'
point and the wheel center. The radial force on the front or rear wheel,

fe OT Fpe, is equal to the radial stiffness of the tire times the radial
deflection. ’ o ‘ - i
for = Ke(Fu=4e) R i
ler = K (R —hg) . o L (3-6)
where: C ‘

Kg is the radial stiffness of a tire (assumed to be the same

/
for front and rear tires).

a  vI-2888-K
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‘av is the undeflected folling radius of the wheel R

e
k‘., "R are tbe instantaneous rolli.ng rodii of the £ront qnd rear wheels.

<o

~If a wheel is not in contaot with the ground tl're rad:.al force is zero _
thus the t1re forces and: aoments are zero for that wheel. : If the radial forCe S
' is not zero\, the normal forces can be found from the following equatlonsl f; T

(F1gure 4) . S
» FNF Frx . "“#p * ﬁr m ¢A‘ oo A (3-"7)

o m v e S de * Ge e fe Lo sy
where FSF’ F are the side_ forces on the front ‘and rear t1res The s1de
>forces on the front and rear, tires are expressed by the follow ug epproximate
;relatlonshlps. ST T . . ’ . R o
e = k,, x, * k,‘z «? f-A", ¢,‘,+A’¢z ) (3-10)

where: le' A"a are tne characterlstlcs relating sxde force and sllp angle

A”,, kﬁz are tu'e charact’ensucs relatmg 51de force and 1ncL;nat10n
i &

- angle caee
The overturnmg moment, rollmg resxstance moment, ‘and al:.gmng torque are R
_assumed to ‘be zero.. The components of the front tire forces aré now wntten i ﬂ

-

‘,m the front, fork coordlnate system.

” . ) : ‘. [‘4

Flo= - s_a: (~Sin B fip # cOS ¢,, - ) . (3-11)
Fr‘;‘ﬁ = 4,'06' ’F *= * ‘9"’ dﬁ P E R (3-12)
Elimnatmg VE by usmg equatlon 3-7 the above equations reduce  to the

fol lowmg : v : . ” - - : '

v F" = —sin é- F”V R o (3-14) '

/-;;_; - AR B frop + SeC B E CHE R (3-15)
F!” = eo.s' 0 far . L - (3-16)
- i a2 .
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o?. @F -4 Fkﬁ m# *%‘-
Figwe 4 CALCULATION OF TIRE NORMAL FM :

~ ,,\’ ¢ -
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me cmomm*s of txm resr tirs Ms asé nw wxitten :in m v&icle
coemdinste sy%aﬁ. . s

fe =0 T em

.

&2

-

P

r&'%& *ﬂﬂ&%
tm = ds‘:ﬁ&&*m%% ) j‘ . (3-23) ’

o
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: " : ‘ﬁie ferce balsnce equations for the dnu in the XY, 2 diréétiens -

m,é, mpg%l o ) L (4-4)

)ﬁ . ' - . ) e . [y *

L my iy = hy ey WSO sing " s
Mg sip = fpp * Mep g mﬂ&ﬂ’ ERCE  (4-6)
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o

' There 1134 )’23, and 3' are given i% Equations 78, 7-9, and 7-10,

' The imertia tensor for the driver gbémt his c.g. is given below.

0 ~towe | ‘ L
IOY o . - 3 ‘ (4-10)
0 I

7 P I,, and I” are respectively the X, Y, Z moments of 1nert1a of the driver
about his c.g. dpwe is the X-& product of inertis about his c.g. Since the
driver is assumed to be syxmnetrical about the H#-£ plane, the X=Y and F-@

products of inertia are zero.

ol

The moment acting about the c.g. of the driver with respect to the ;

coordinates fixed in the driver is given below in matrix form with the sull
angle assuuptions for #p (J’af By = #, Cos ﬂ,t// ' '

i
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‘ ti'+3.)Iu-(~m*r)lm-@@.r)&*;,};ﬁ e * (470"
R AN W SN
| -(f-»%}rm*mr Vil oillrs

AT

L Fro- Bquation 4-13. the equation of rotatioml lotion of theo dtivar -about 1ts ¥
L rou axis is Tiow written. I 0SS AR
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The Y and Qcanpamts of the mctien
center are written belw

toathadrzverat aizaéﬂm I
¥vo "‘a[@*aa} Lnig~(~Bag+#) Tox+ /ﬁ* gi)@*ﬁ#j (Zon=Loy) ,
@"‘%{f -r* )Inxs} (} "'ﬁa"/;]ar*ﬁ”*ﬁ)(’ﬂaf"’}({iu Jos) @-15

+({ﬂ*ﬁ,}’+2ﬁ,gr-ﬁ7!”, * Ay %(u@fﬁg *l‘{g,&} ﬂ,@}

; .

[{g ooy ss,.)(mwfzw-!w *{{N ﬁa} *% #
fj{o:s]*éaﬁp”’p (3‘ *5@9*"{@;%}) ‘pﬁb)fa "
- (ﬁ * #»)Jaaaw e Y 2 ’“’/jm A *%}f?*ﬁb’/ﬁﬂ‘fw} |

# (gr»ﬁ, {g -r })fux

Wheze ? & ang & ., aré given ‘in Equations 7-11, 7-12 and 7-13,
13* 7 23° 7% 33 T / . .

T (4-16)
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With the small, mgle sssumption made -for 6’ (s6n 828, cos &=/), the conponents |
of the accoleration axe now written 1n expanded form, :

% = é,*;u;-ni q.,";-zzé‘/ﬁfé"mdy—z,{g‘*ﬁﬁé z"’d‘ﬁp’ o
+ Jr PP+ G COSE, pé- (7 * X mq,) rés s &S cos é" (s-2) -
+z,6‘.m¢l,gé - : T

B - pug + 1 Uy=3, (B + doin Q.jtz, 7 +J’ea.9&;)¢ 2z, pg
-2 J(p‘*l‘"}*’,}/’ +3,’6‘ Zz"é‘ac rJ‘ o 5-3) L
’ =R &5in Qe pd -x7 682 S |
W, =ty + ng-;a, * z,’:a‘fn *chnq.)—z,;+z,pﬁ+z,".’ d‘;/'
-3 (p"f;‘)f-{z, 3 S0 &) pd fz”é‘meﬁ.;é’ (54

| +x, Sin 6, ré& + 21 Jmé,é"

—
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mtigns fex the frgm whesl @d stemng fark in the .j-h : .

X, ¥, 2 dirqcticms are given below. L o
| m;,fé; = for * %p‘-m@-ﬂ# & - . en
R g § TR - 7 o)
. m, @r, # F,L, +m,3 eas &mxﬂ S (5-8) -
o . ) o / ) ‘ ] L.
Wy = Loy * ’gfﬁ“"“”?‘r! o0s & cos ¢ L (5-9)
. g/ .
where : N

o\"

~ . o T .
beres Fyres fars are the X, Y, Z components of the tize force acting
: on the front wheel at ‘the ground’ contact point.,

o i

o Frﬁ"’ Fzp are the X, Y, Z components of the regctian force
© acting on the steering fork at the origin of the
vehicle coordinate system,

" - Thus the reaction forces acting on the front whael and steering fork may be
written as follows.

Vs

" Fe "A""F {éo +"5,F§_-:z;’6‘r’-.xgé‘eas @‘3“}"‘?&3 ~Lre (5-10)

;;;Fﬁ,,,p(v #p-fzr‘#zfaj Soz /;,., l'cs-n).
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mm :12, ¥ 22 &g, are gi\ten in qumm 7:-11, 7-12 aad Ms.

The ln-mt on the fmt wheel which moas the. g ‘“";c.og;lc foect of the
spinning wheel is given ‘below in matrix ﬁn‘i, It is nmd ‘that thq mnt
of inertia shout a diameter through the mel is eqml to one. h&if the moment
of inertia sboyt the spin axis, I.y. g

M
MII
#0

Y

where»

IV’ ”;W' are the X", Y, Z"\poni:qn_ents of the moment on the o
front wheel which reacts the gyroscopic effect.

are the X", Y", 2" compoiients of anéuigr \}eloqity
. vector of the vehicle coordinate systenm, o L

'8+ is the angular velocity of the front wheel and
steering fork about the Z" sxis with respect‘ to ’
" the vehicle coordinate system.

We is the spin velocity of théhffbnt wheel (assumed
to be the forward velocity of the bicycle divided -
by the rolling r‘adius of the'wheel). T

.7”, _ is the moment ‘of inertia of the front wheel about,t
o its spin axis. :

»

Assv.ming that the veloct ty "' is negligible coupared to the wheel spin velocity,
W, Equaticn 5-13 redu":: te the following. C . L o
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g
BV s

C (-1
N = O . "'{5‘415)} o
. ) (\’\ ‘ ’
Mowr = 'ﬁf’%% . _ (5:16)
“The mertza tensor for tho front wheel and steering fork about its c.g.q is
giVen belom ' ’ : i . } - .
¥ Gan
o \ "f v
2 !

z :.x ’]Fr and Jzp are respectively the X4, Y" " moments of inertia of R

the front wheel and steering fork about its. e.g. P g o "is the X"-2z¢ product < T
of inertia of the front wheel and stec}ring fork about its c.g. Since the-- T

" vehicle. 1§ assumed to be symetrical ?bout the X-E plane (for &= 0), its ,’
XM-Y" and Y"-z0 prodicts of mertYﬁa{{re zero. T [l

. & S }

| L]
The moment actmg about the c¢ g of the front wheel and steering fork

with respect to tHe coordinate system fixed in the steering fork is givon below
in matrix form.. _;' i ’ - N :

VSV A ’
”A’wf"' F o ,ﬁ' "Frrr ( 3‘;:-" ’:) s -~
= "”r’;' ”::#'F” ‘7# *Fw z”*FA’:’F(’IF 3‘!)*F” (zrr") (5 18)
M 5 ()

W

/.,
PO
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where

Equation 1-11 is now written in matrix form ‘for the front wheel and sreerzng

~

. 377 'AL See 55 *"3?5355'

' and 52 and ;,.are given in Equations 5-5 and 5-6,

2

L (5-19) -

fork. This is the mohent balance equation,for the front wheel and steering
£§rk gbout the axes of the coordinate system fixed in the steering fork.

I

and

where
.
N

N q‘;;
Z

e
x

e -
-

R

| r
54

L .v

(5-21)
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ﬁ;”_[” (,, "y J)f _PII ”Jﬁxg "g”()"fﬁd‘) (] _1;{(!) N
’w]:‘ [piz (,.//*J}] +pfl(r *J?}(’ _f:‘) , =

w  Frd) g e ) gy T ) |

it " " o - ﬁ’ﬁ' o

Ve ”A’WF * £y 3#"‘1'7? i ‘7‘};) : .

ld (/2 " L4 o, 4 4 ¥
Nye /Vmw-' Fre 35 "'F % *";rrr "% )* are /x,-,e)

!I I L4 & .4 4

EHF

_From Equation 5-23 the reaction moments AI;F and #y_ are written

A A R A
+ xmf F” 3? ,"" F}.':' (5‘;/79'3'55’)
= 3:”[;;, + [ﬂ"a"{"'{"‘;{"]gxg "'P”("”"‘J)(;\'" ra Q

” St W et ow ” ¥ _w) o # (5-25)
*WVpwe + Foe 32 "’;F 2z -Forp (?rf‘ 3,-')“’/;77- (zﬁ'°‘)
. £ )
8

The equation of motion of the steer degree of freedom of the front wheel and
steering fork is now written from Equation 5-23,

: o ‘ | 2
- "//j;_}g * (,:,M__*J\’} ]” - ,c?”[l'/’f‘ 5‘}];’_' ”/ e -',” | (S 26) %
Wi = Wy~ i 28 ~Fing (%57¢)
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The vector moment acting on theé front wliegl and steering fork about
the axes of the vehicle coordinate system is now found. ‘

N

(5-27)

N, = Cos G [.n‘;z 6o %, My Gy 32 7y Uy + COS 6 2L m, 2l o

| +{eos e,.l;’:‘,-siﬁ%f,;;x * 3 m,‘} P+ {!;;,-]};,—x;‘m,}iﬁ
{oin 8,15+ cos G Iyt gt} A (Il +52 s} B |
# J‘pr{cos ’6,.-.9:?:‘%}{1’,”,—4’}} # {d‘ cos G, Sin eﬁ} {(,g LpiNl ot )-2pr L, :n} :

- +{eos gp-sinarr}6i (05104 15,) #[smeupecos a2} g (1n-12)0 26612, }
# é?{l;.’;’-?;,} + {ma;ép Pt 0526, rigs J“} é‘f,f.';. | ‘ -
- {.s'in 6+ €08 B * J"} We Ly~ Op & z;’,‘a,, ’f 3% a,z-%eos % 74 o_‘j,z]

* { hy + Sin B e} Frre=C0s? 6 8€ fope + 5 O Ngy (5.28)

Nye = 3, w28y - 2, 9,38, {J‘co.r 6 (71-I1y )& 5t 6,17, ,~82] %} ]
+ {IF’;, +(z2 *+32) m,} é* {6‘3‘0: 8s(15, -1z, )-& cos 6;.},’4,‘ 42 3, m,} F
-"{ Ligt /.fin‘ﬁé,.- ~cos® &) 2 3 -cos s Sin 6 (25-37) m,} o8& ' ,
# { cos‘a,--;u’n‘a,}{ pr(ll -1 )+ (p‘-r‘}[,';,‘} f{co; . sin 9,}{ (pErI) (12, -I%
-4prl ;,g}f-{ cos 6g p-sin e,r}{é"( or Ls) + 08 ,’.'n}
# { Sin G, p + cos apr}{ é¢ (fﬁ}b‘ 2 )-26 T ;a} +6 {6‘; (14-1, }-f.l,’:,,},

- {sc’n G p + €05 Bpr 46“} 8 Weliye=35 970 * 25 Ipg ~ho Frrp + 4p Fagge
: (5-29) -
56 4 . VJ-2888-K
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Mop = —Sin 6z [s:‘n 85 & Bl m by = 3 4 778 8, + COS q.d‘x,'i‘u,w;

o

*

4

- tan 6 {ﬁf, + Sin ap/e}

o

056, 12,-5in g s Lo # ¥4 Bampl B+ {I,,,-J:, z;"'.m,} 4

sine, 1L +Cos@ Ify + Zp ;,.,;n,} {IF” A én,,.} 8§ " |
Spr { cos*8,-sén *e,} { I ’—-.7:,,} + { & cos 6, sin a,}{ (o r2)(I8y-T % )fiff'f}ag}

[ t0s G p-sin a,r}{u( ¢ )%;! ot } f-{ $in O p + C08 6,#}{,(1,"; ;,)-I-‘.?J'J’I;',,,j

L e e R T

~Sin 6627 Uz # 3% i €05 8672 U3

sin 8, + cos g7 18},

e Psin"6s8e F, wre + $in G Cos ¢ 6‘9 o

s

# C0S 6 Ny, o - S | (5-30)

N

vhere: G = tan s A, + Sec s € : o (5-31)

Rt . 4~7\

™
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: Sectinn 6 = ; .
FORCE AND MOMBNT BQUATION FOR REAR WHEEL AND PR

Equation 1-7 is now written for the inertial acceleration of thb c g.
of the rear wheel and-frame in the vehicle coordinate system. *

ék = o i+l ¢ [IX o X
e wil |7 '|' 3

The components of the acceleration are now writtenm in expanded form.

Ue = Gy * gU5-ry; fﬁ}‘— (3% rY) Zgrprze - (6-2)
Vo = Uy -pay+ re, “’P?}R*":‘?R * PPz + g.hyg ‘ (6'-_31
We = Wy +PY - Qty - §2e + prae-(27+9% 3 (6-4)

The force balance equations for the .rear wheel and tfr_ame in the X, Y, Z

directions are given below. o : : i -

Mg e = Frre = e = Vo~ Whe g Sin & , (6-5)
Mg S = Fyng = Fyp = Frp * " § C0SE5ing (6-6)
Wy W = e — Fajp = fop * N cos@cosg T (6.m)
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where:

. f; ‘ ’6’7‘4' s Forp are the XY, 2 components. of the tire forces
Ty . acting on the rear wheel" at the ground contact

point. R
are the X, Y, Z components of the reaction force '
‘actlng on ‘the steering fork at the origin of the

-~

e vehzcle coordinate system. o
' /29, f;p; i;i>’are the‘x, Y, 2 cgmponents of the reaction force

acting on the driver at the driver roll center. g

The equatlons of translat1ona1 motlon of the vehlcle in the X Y Z

d1rect1ons are as follows. ) AT o

L

In the X direction

LM d,+3 ¢ -2 /v’—»g, ma;.a'z;é‘s);, *95p * 13 * e * Frm (6-8)

In the Y direction

LMdy + 8y F=dy f # mpap8-oiy 0 By = dyy + Oy + Dag *Fype #Frpp (6-9)

In the Z direction

LMty =014 +0afp~mp O Bp By = O3y + dpg # 39 + Lame * Faye (6-10)
where ZM and the & terms are defined in Equations 7-1 thfough 7-13,

The moment on the rear wheel which reacts the gyroscopic effect of the
.spinning wheel is given below in matrix form, It is assumed that the moment
of inertia about a diameter through the wheel is equal to oqe half the moment
of inertia about the spin axis, /...
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»/”xmv N I’ﬂ» )
e | = |l 9 ¢+ e o (6-11)
‘ ”gmﬁ : . ; ,' :

where

, /Vx”‘, ”Ymc’ Mgwe are the X, Y, Z components of thg moment pn the.
C - ~ ‘vear wheel which reacts the gyroscopic effect,
We is the spin veloc1ty of the rear wheel (assumed to
‘ be the forward veloclty of ithe bicycle divided by
the rolling radius of the wheel).

];mr/‘is the moment of inertia of the rear wheel about

its ‘spin axis,

Aésuming that the pitch velocity, g is negligible compared to the

wheel spin velocity, @jp, Equation 6-11 reduces to the following. %ﬁ@%
= . ! $ . °
. , MNwe = O - O (6-13).
/V.ZWR = pwk ‘IIVR .‘ - : ‘ ’ (6-14)_

i

4 .
Equation 1-11 is now written in matrix form for the rear wheel and frame.-
Th1s is the moment balance equatlon for the real wheel and frame about the

ofig1n of the vehicle coordinate system.
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o

(6= 15)

| u:;n_

u I‘§ is the 1nert1a tensor of the rear wheel and frame about the orig?n of the

x> .
4

vehicle coordinate system,

IRX + Wy ?k . 0 o = - ;’1’!’ Ze ;f
"! " ' Tey + mq (2 ﬁ?;:) s 0 |l (e-16)
jm@ ”’k zx o oy f . I&;MR zZ '

=

where:
e

A Ty Zgg are the X, Y, Z moments of imertia of the rear wheel
~and frame about its c. g. ‘

is the X-Z product of inertia of the vear wheel and '
frame about its c.g. _(Since the vehicle is assumed
to be symmetrical sbout the A~ plane, its xX-Y and

‘ y-2 groducss of inertia ave zero. o

IRX&

" W,l! is the vector moment acting on the rear wheel and frame at the origin of

the vehicle coordmate system.

»

- = Wys ~Wgp= mk*/’b"t’o)’;o'ﬁoﬁfm*'"ain(’ =P+ P "o‘l ‘W'"‘V”‘)

“A/ “ =||"MreM ”MA"("D'PD}@o"‘zo %o * 4o mc"lr i SN (6- 17)
R = - -
+m,z,(a‘r * DU -QUy-g 08 8 COSB)-Me 3y (&, + gty-roy+g $in6)

&

~Nep=Hap~Hape=25 Frp # Lo Fype = Me 26 (3, -85 +rUy-g C08O 3ind) o~
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Equatibn 6-15 is now written as folldﬁs.. )

N

P(’a'rx* "’x’a} (’*’9}/4;:*”’& k?ﬁ) "‘f"{n ‘Ry "r‘e}g)
,ﬁ" +m,{z‘+;,}),« (pz.p*}p;”»« m,z,;;,),ﬁpr(]”&., n,,{ -;‘}) “,/R " :
"(f *”‘k") (# f"}/kaz"‘ ”‘#zxﬁ?}*ﬂif&rfu*”‘ﬂzn)

/

(6-18)

X,
(S

|

equation of motion about the X axis

- ;
6‘00.;6 msé m,_.uo ‘{3‘7’3‘*(?0'799)”894 cos 8, g m,} A
+ & chs* 6, gm0y + {J,, * 3% Mo * 3o (30 ~Po) ¥ c0s %8 .i”

- cos G, sinbp I, + ‘nféarjzvﬁ;znp}‘ﬁ ‘ {1. -I%,- t;g“}i%

{kag * Xor M + Zp (3p-Pp) My + 008 Gp 8in 8 Il + 0052 G I iy

#0056 2o 9 m,} {cose Igyg # €08 0, z,. ;,, uﬁi 6+ p, {3., -,og} ey #,
= pgdee 97 (Tey=des) = 32 d2r=(30-125) d23 = 7 W Lpp v
. =¢os 6, [é‘pr ¢os* Gp-sin e,}{!;,—!;;,} {8 05 6 8in G,Hé' ‘)(1 . J,,) Zpr];,,}v .
' [eo.s 6 pp-9in q,r}{o‘é‘(l;, 9[},,} {.mz Gxp+ Co8 6, H ¢, }+26‘6‘1,’;,}
# ?J {I,”,-.{,‘,} {u’n ) £+ c05*8 AT J"'} el ‘ ' '
- {sm G prcosGepr +J} We L= Sin ég d’z, e 3 Iaa=Cou 6825 q,,]

= {ho + \9‘” 6F e} Fm 'ﬁ\o F;fr‘ +* wszep d‘e F."F-\“n 6, ‘,’ff
: : (6-19)

[

v(\»
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 equation of motion about the Y axis R S
a 33“0' 7 "5*[3 """F(Ifx-]f,;') ’}"’F e - ”r zr"‘r}‘ R
s o {onc + /‘o%”‘a}]ﬂ + {Ifr"(zr +38) "'ﬁ * Lr‘
ey (% +‘§)mﬂ}; + [ {clns,( } m@, 4 A
+xs ?f"‘ﬁ} +¢,{l,y-1',, * Py h”‘:} 7 Jlfpx;./* /Jln‘ep‘t‘“'aﬂ)

? g Fp m‘€ - €08 B¢ sm 6,(::, z,) mey & + By { oxe * Fo z,m,} p,

A

f"o* }:)7"0

= = (1) Lega=pr e gs) ~{ (0 +60)" 7 8y g - }fuz
(ot b)Unilne) * B § (£ +85) Uy ~Te) \
[ws*a-sina}] qr(zw})
tor I}fn}_[c_osﬂf‘p-slnaer} [éez -Jz,)ur, 1,,..}
~{sn gp +M} {8 (g-)-26 220} 4 {54 {1:,,-1,",)

&

-&T a}f-{sin9,p+cose,-r+a‘}5w,_[,,A

A

~ Fr o *iﬂ"fz +703}3 "‘n)'.w -2 052 = %p ’33

- - */"O(Fmt* Fore) - l‘ ETR'IFFITF B f . / - (6-20)

BTN o T .
{ ﬂ' .t‘ 6

/\ T © .VI-2888-K
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. . { Q\s
S IR . T
* . L C . . o ) . ) )
‘ Y - . i S ) . R
equation of motion about the Z axis = . - w-. . " . - R o
“

B “\‘ N

v

A' -@ i 9;-15 "Bpm‘ﬁpA.m,)#o‘ég"(‘z‘w,f-zpn,ﬁsmﬂ g.,xl,) %)

=8 sin 6, c0s 6 54 , - {Iﬂ, # t,;,m:-ﬁ Joxs # %p 7, m, :
i + Sin ap(’casa,,-.i =8 6, +;,;,m,/}p *{ai,, I,,, Dy l o
RS P §» m,}-d“.ﬂn ép( o ,’.’,' ;n,-/}g # {fg, * %5 m‘ri‘
| "'foz* "‘p nep + ~’°¢7'5F/-f/"5f jFX*‘”‘aFJFxg # zﬁ"ﬁ”‘ﬁ}}f e
+ Sin G (ffxe N ”‘;}J /fpxz f'/oa zp”‘a)ﬁp ; o
= 28 U Tar) g0 deva * 9.2 +80) (For-dov)

'ﬂ’p"/ﬂ*ﬁp)/[oy‘fn) {?""ﬁa/’”*ﬁtj ¢"f }f”g )

+ sm 6,- [é‘ﬁ oos‘e.s sm‘e }{];',—1,”,} { & eos 9, Sin 9,-} L
‘ { (e*-r* )1 J,j’,} ~2pr/ ,,} +[m-a,p-sma,r} {6‘6‘( -I,j’,.) /
, ,,,}»‘ {.rm 6,p+eos a,r}{’,( o=lt) + 25‘3‘]‘,”} ) '
) fj ;
gd - {s 26, ‘+c :9 r‘- h«a‘*} NS
.;{sm e,p # eos’ 9,;' +J‘} w,-[,,,-.s\m 6,-32, he + 3 93 i "‘, \
y - cwaszF 332] 2 Lie *. 303' # 2oty # 9 25 3:3 |
+ l‘ Fym tﬂﬂ {ﬁo + $in 0,- } Fw’i +.S’£‘)i‘ aﬁ‘ J'e F”" ‘
o .u;z 6 cosé,J‘eA&rF * cos 6 Ni @ S L j(j:6-2'1)
» . Y
mw\\ “2& ‘
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g,

c . Section 7
- ,mmmx_'ggpxrmu OF MonoN'”

The followmg terms are defmed to pemit simplification of the equatmns

of motmn B
=
T E Mt Mgty CEL LT R 71
Oy = Mg g + ”"F"’/?;”"pzio. _ | _ .(7;?)
& = me Cos O Sxp -”")ﬂp & S (7-3)
Uy = Meger et oy, e

7

o = Mg vrr-gone s se{gte -z pn)t 0w

Dy = A/R-(p%é’rébfycose.s‘émd-znv’;-hv;ﬂ/ e

&
"

),,f My /;w *+rY;-g slne-f-z,{g*-ﬁr } {,o,¢,} pf ¥» ,w'

4 ""{“2/"0¢p}}¢, 264, l'ﬁ,/ o hb-s)
)',,: (pw' 1+ g eosésoui {,0,¢,}{ "+r }éz,pf v
| -7» #- {2/% ¢p}f¢p {ﬂb ¢a} 5:/ = (7-9)

I” = My /mr +;a¢,+g 005 6 cos ¢ - z,pr*{p,i,}’/' +b{p +g }

) R (7-“10)
*Zﬂpﬂfp*ﬂpip/ \
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”I = N, /;v *rr-,dna-f x,{ "+r“}..¢w
~Pe Pl =3 0038 98 + {x,.-ﬁ % mﬁ.} .7 N X
+ 2} 0050, 4% %] 6‘0&%;3’/ e )

;)a- m, (pw = Pe, *9 co.ro.s'c‘nﬂ-z,p’, & 22 {’a‘_’.} S
~9egr-3298+ 22, & cos a,rdh:z}d’.rm G pd (a2

+z,u/

g = m;(;r * ;a,+g cos & cosﬂ-z,-pﬁ-z,d‘,ﬁ
e PRrgT -] 3, Sinbe Py z,d‘ as a,;a' (7-13)
- z,rina,r*i-#:dn 8- 4‘/ ‘ “
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